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Abstract

This paper studies optimal non-linear income taxation in an empirically
plausible model with labor supply responses at the intensive (hours, effort) and
the extensive (participation) margin. In this model, redistributive taxation
gives rise to a previously neglected trade-off between two aspects of efficiency:
To reduce the deadweight loss from distortions at the extensive margin, the
social planner has to increase distortions at the intensive margin and vice
versa. Due to this trade-off, minimizing the overall deadweight loss requires
to distort labor supply by low-skill workers upwards at both margins. Building
on these insights, the paper provides conditions under which social welfare is
maximized by an Farned Income Tax Credit with negative marginal taxes
and negative participation taxes at low income levels. Numerical simulations
suggest that the optimal tax credit can be quantitatively comparable to or
even larger than the current FITC in the US.
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1 Introduction

Governments in all developed countries use labor income taxes and income-based
transfers to redistribute resources from the rich to the poor. The properties of
these tax-transfer schemes differ substantially across countries, though, especially
with respect to the treatment of low incomes. In most European countries, public
transfers are monotonically decreasing in the market incomes of the recipients. In the
US and some other countries, in contrast, transfers to the working poor are higher
than those to the unemployed and (sometimes) increasing in earned income. In
particular, the Farned Income Tax Credit (EITC) in the US entails both negative
marginal taxes and negative participation taxes for low-income earners[| On the
one hand, there seems to be a growing consensus among political practitioners that
the FITC is an effective instrument for fighting poverty and should be further
expanded ] On the other hand, economists have so far struggled to rationalize the
use of tax-transfer schemes with these properties.rf] The present paper fills this gap
by providing sufficient conditions as well as a novel explanation for the optimality
of an FITC with negative marginal taxes and negative participation taxes.

The common approach to determine the optimal income tax involves, first, the
definition of a welfare function that provides a rationale for redistribution from the
rich to the poor, and second, the maximization of this welfare function over the set
of (non-linear) income taxes that satisfy the government’s budget constraint, taking
into account the agents’ labor supply responses. A large set of papers show that
an FITC cannot be optimal if labor supply responds at the intensive (hours, effort)
margin only. A smaller set of papers find that negative participation taxes may
be optimal if labor supply responds at the extensive (participation) margin onlyﬁ
Both classes of models are inconsistent with the empirical evidence that labor supply
responds at the intensive margin as well as the extensive margin, however: “the
world is obviously a mix of the two models” (Saez/|2002; p. 1054). More specifically,
empirical studies consistently find that extensive-margin responses are particularly

important at the bottom of the income distribution: The participation elasticity of

IThe participation tax function is commonly defined as the difference between the net taxes to
be paid at income levels y and 0 (for any positive income y). [Nichols & Rothstein| (2015]) provide a
detailed description of the details of the EITC and a comprehensive review of the recent literature
studying its labor supply effects.

2Most prominently, both President Obama and Paul Ryan — then Republican Chairman of the
House of Representatives Budget Committee — proposed to roughly double the maximum FITC
payments for childless workers (see [Executive Office 2014} [House Budget Committee 2014]).

3In particular, most previous papers find that negative marginal income taxes cannot be optimal.
I comment on the most important exceptions in Section [2| below.

4In these models, marginal taxes have no effect on the agents’ behavior. Therefore, the papers
typically do not study their optimal signs.



low-income earners is both larger than their elasticity of hours worked, and larger
than the participation elasticity of medium-income and high-income earners (see,
e.g., Juhn et al.| 1991} 2002, Meghir & Phillips 2010).E]

The present paper investigates optimal income taxation in a framework that is
consistent with these empirical patterns. In particular, I study a two-dimensional
screening model in which the agents face both marginal costs of providing output as
in Mirrlees (1971) and fixed costs of working as in Diamond (1980). The agents are
privately informed about their fixed costs of working and their skills, where the lat-
ter determine the marginal costs of output provision. To make the model tractable,
I assume additive separability between the fixed-cost component and the other com-
ponents of the utility function, thereby following the random-participation approach
by Rochet & Stole (2002).|ﬂ The analysis focuses on the empirically and economically
relevant cases in which, first, society has standard concerns for redistribution from
higher-income earners to lower-income earners and, second, participation elasticities
are decreasing over the skill dimension.

The paper contributes in four ways to the literature on optimal income taxation.
First, it derives two novel theoretical results on the optimality of an FITC. The first
result identifies two properties that the optimal income tax satisfies whenever society
has well-behaved redistributive concerns: Optimal participation taxes are strictly
negative up to some income threshold y; > 0 and positive above that threshold,
and optimal marginal taxes are strictly negative at some income levels below y;
and positive everywhere else.lz] The paper is hence the first to show that negative
marginal taxes can only be optimal (i) at the bottom of the income distribution
and (ii) in combination with a negative participation tax, i.e., as part of an EITC.
The second result provides sufficient conditions for the optimality of such an EITC,
expressed in terms of the model’s primitives: utility functions, type distributions,
and the properties of the social welfare function. In particular, optimal marginal
taxes and participation taxes are negative at low income levels if society has strong
concerns for redistribution from the rich to the poor, but only limited concerns for
local redistribution from the poor to the very poor. Crucially, this result does not
depend on whether labor supply responds more strongly on the intensive margin or

on the extensive margin; it holds whenever labor supply responds at both marginsﬂ

5 For additional empirical evidence on how participation elasticities vary across the population,
see Meyer & Rosenbaum| (2001)), |[Eissa & Hoynes| (2004)), Immervoll et al.| (2007, Blau & Kahn
(2007) and the surveys by [Hotz & Scholz{ (2003)), Eissa & Hoynes| (2006)), | McClelland & Mok (2012)).

%The same assumption is also used in the closely related paper by [Jacquet et al.| (2013)).

"The optimal income tax involves an EITC if and only if the threshold ¥y, is strictly positive.

8More precisely, these results hold if labor supply elasticities at both margins differ from zero,
and low-income earners respond more strongly at the extensive margin than high-income earners.



Surprisingly, only a few previous papers have studied optimal income taxation
in a model with labor supply responses at both margins. Most prominently, Saez
(2002) demonstrates the differences between both one-margin models and provides
preliminary results for a two-margin model. In particular, he shows that the optimal
marginal taxes for low-income workers can be negative if the optimal participation
taxes (and the participation elasticities) of higher-income earners are sufficiently
large (Saez/2002, p. 1055). He does not clarify in which cases this condition is met.ﬂ
Nevertheless, the general perception of [Saez[ results seems to be that an EITC can
be optimal if and only if labor supply responds more strongly at the extensive margin
than at the intensive margin (see, e.g., Brewer et al.[2010, Piketty & Saez 2013)@
More recently, |[Jacquet et al. (2013]) provide conditions that ensure the optimality of
positive marginal taxes at all income levels, expressed in terms of the (endogenous)
participation elasticities and social welfare weights. Both papers do not provide
sufficient conditions for the optimality of negative marginal taxes (neither on the
primitives of the model nor on labor supply elasticities and welfare weights).

Second, the paper conducts numerical simulations of the optimal tax schedule,
which allow to assess the quantitative relevance of its theoretical results. For this
purpose, I calibrate the model to the US economy, targeting empirical estimates
from the previous literature and recent Current Population Survey (CPS) data.
According to the simulation results, optimal marginal taxes for childless singles
may be negative for all incomes below $15,000, where a maximal tax credit of
$1, 700 is reached. Optimal participation taxes may even stay negative up to incomes
around $32,000. These numerical results suggest that the optimal tax credit may
be considerably larger than the current EITC for childless singles in the US.E It
is worth emphasizing that the simulations only consider social objectives that give
rise to concerns for redistribution from the rich to the poor, i.e., for which marginal
welfare weights are monotonically decreasing over the income distributionE

Third, the paper provides a novel intuition for the potential optimality of an

EITC. In particular, it shows that the optimality of negative marginal taxes is

9In the model by [Saez (2002)), optimal marginal taxes and optimal participation taxes cannot
be determined separately, as they jointly depend on the welfare weights and the intensive and
extensive elasticities. The same is true in model studied below.

10The present paper contradicts this perception, showing that an EITC can be optimal whenever
labor supply responds at both margins.

HFor childless singles, EITC payments increase up to an earned income around $6.600, where
the peak of $500 is reached (just offsetting payroll taxes in this income range). EITC payments
are larger for single and married parents, for which the model is not calibrated.

12In contrast, the simulations in [Saez (2002) and Jacquet et al.| (2013) find optimal marginal
taxes to be positive everywhere (while optimal participation taxes are sometimes negative at low
incomes). While they focus on cases with equally strong redistributive concerns over the entire
income range, I consider cases with weak concerns for redistribution among the poor.



driven by an inherent trade-off between labor supply distortions at both margins,
which has not been elucidated in the previous literature[”] The following thought
experiment helps to understand this trade-off and its implications. Consider an
economy populated by agents who differ both in their skills (very low, low, or high)
and in their fixed costs of working, so that some agents in each skill group choose
to remain unemployed for each tax schedule. Assume that the social planner wants
to redistribute some fixed, strictly positive amount of resources from the rich (high-
skilled workers) to the poor (unemployed agents, very-low-skill workers and low-skill
workers) in such a way that efficiency is maximized, i.e., the deadweight loss from
labor supply distortions at both margins is minimized. Hence, he does not care for
how the resources are distributed among the poor. The properties of the efficiency-
maximizing redistribution scheme can be explained in two steps.

For the first step, assume that the social planner only seeks to minimize the labor
supply distortions at the extensive margin (given some amount of redistribution). If
he increases the transfer to the unemployed, some workers in all three skill groups
find it attractive to leave the labor market and save the fixed costs of working. If
he increases the transfers to both groups of lower-skill workers, some unemployed
agents in these skill groups find it attractive to enter the labor market, but none
of the high-skill agents has an incentive to leave the labor market. Hence, the
second option induces less distortions at the extensive margin. Accordingly, the
efficiency-maximizing tax schedule involves higher transfers to both groups of lower-
skill workers than to the unemployed, i.e., negative participation taxesllz]

But how should these transfers be divided between both groups of lower-skill
workers? To minimize the distortions at the extensive margin, the planner has to
apply a version of the classical inverse elasticity rule. If the very-low-skill agents
respond more elastically at the extensive margin than all higher-skilled agents (in
line with the empirical evidence), the planner should pay smaller transfers to the
very-low-skill workers than to the low-skill workers. For this purpose, he has to
introduce negative marginal taxes in the relevant income range.

For the second step, assume that the social planner also seeks to minimize the
labor supply distortions at the intensive margin. The lower-skilled workers respond
to negative marginal taxes by increasing their output provision, so that labor sup-
ply becomes upwards distorted at the intensive margin. Hence, the social planner

faces a trade-off between labor supply distortions at both margins: To reduce the

13While this trade-off is also present in the models by [Saez (2002) and Jacquet et al. (2013)), the
authors do neither discuss the trade-off itself nor its relevance for the optimality of an EITC.

4These arguments are closely related to those in papers on optimal income taxation with labor
supply responses at the extensive margin only (see, e.g., [Saez||2002| and |Christiansen|[2015)).



deadweight loss from upward distortions at the extensive margin, he has to increase
the upward distortions at the intensive margin and vice versa. The optimal compro-
mise between both types of distortions can only be decentralized by an FITC with
negative participation taxes and negative marginal taxesﬂ

Fourth, the paper proposes a new strategy to analytically solve multi-dimensional
screening models. The major problem in solving these models is that the set of
binding incentive-compatibility (IC) constraints is a priori unclear. Jacquet et al.
(2013) show that this problem can sometimes be circumvented. In particular, they
identify conditions under which all downwards IC constraints along the skill di-
mension are binding and optimal marginal taxes are positive everywhere, just as
in Mirrlees| (1971). An EITC with negative marginal taxes can only be optimal in
cases where at least some upwards IC constraints are binding, however. Hence, I
have to develop a new approach to identify sufficient conditions for the optimality
of an FITC.

The methodological innovation of this paper is to study a hybrid model with a
continuous set of fixed cost types and a large but discrete set of skill types in the first
step, and to focus on skill sets with sufficiently small distances between adjacent skill
types in the second step. The discrete skill set has two advantages: First, the optimal
tax problem involves a finite number of distinguishable downwards and upwards 1C
constraints, which can be added or deleted one by one to study partially relaxed
problems. Second, there exist allocations in which both local IC constraints are slack
for some pairs of adjacent skill typesE The proofs of my main results exploit both
properties, and would hence not be valid with a continuous skill set as in |Jacquet
et al| (2013) [

The discrete skill set complicates one crucial step of the analysis, however. With
a strictly positive distance between adjacent skill types, it is impossible to check
whether a potentially optimal allocation satisfies a particular IC constraint unless
strong functional form assumptions are imposed. I solve this problem by verifying
incentive compatibility when the distance between adjacent skill types converges to
zero. This allows me to determine unambiguously which IC constraints are binding
whenever the skill set is sufficiently “dense”, i.e., the distance between adjacent skill
types is strictly positive but small. Hence, I study the behavior of the model at the

transition between a discrete skill set and a continuous skill set, exploiting crucial

15 A rigorous formal derivation of this result is provided in Section @

16With a continuous skill set, downwards and upwards IC constraints are collapsed into an
envelope condition that is satisfied with equality in every implementable allocation.

1TNote, however, that the qualitative result of this paper seem to remain unchanged in the limit
case where the discrete skill set converges to an interval (see Lemma [26]in Appendix .



advantages of both model classes.

The paper proceeds as follows. Section [2 briefly reviews the related literature.
Section [3] introduces the model and the optimal tax problem. Section [] imposes
three assumptions on the primitives of the model and clarifies their implications for
observable quantities. Section [5] presents the theoretical results. Section [6] explains
the economic mechanism underlying these results, focusing on the trade-off between
labor supply distortions at both margins. Section [7| provides numerical simulations
for a version of the model that is calibrated to the US economy. Section [§| concludes.
All formal proofs are provided in Appendix E

2 Related literature

Most of the previous literature on optimal non-linear income taxation focuses on two
classes of models that differ in the type of costs agents face and, correspondingly,
the margin at which they respond to tax changes.

First, a large number of papers follow [Mirrlees (1971) by assuming that the
agents face only variable costs of providing effort, which are affected by a single
private parameter referred to as skill. In these models, labor supply responds to tax
changes at the intensive (hours, effort) margin only. The “central result” (Hellwig
2007: 1449) of this literature is that the optimal marginal tax is strictly positive
almost everywhere.ﬂ This result holds whenever the welfare function gives rise to
a desire for redistributing resources from higher-skilled to lower-skilled agents (see,
amongst others, |Seade 1977, (1982} Hellwig[2007). Notably, the same results apply
whether the skill set is continuous or discrete (see |Stiglitz 1982 and Hellwig 2007)@

Second, a smaller set of papers follow Diamond| (1980) by studying models in
which the agents do not only differ in skills, but also in fixed costs of working.
This strand of the literature was revived by Saez (2002) and a series of papers by
Laroque| (2005) and (Choné & Laroque, (2005, 2011)). In their models, there are no
variable costs of providing output. Hence, all agents prefer to either work at full
capacity or to be unemployed: labor supply responds to tax changes at the extensive
(participation) margin only. The authors find that optimal participation taxes are

negative at low income levels if and only if the social planner cares almost as much

18 Appendix [B| provides supplementary results and graphical illustrations.

9The optimal marginal income tax is only zero at the very top and, under certain conditions,
at the very bottom of the income distribution.

20Tn this setting, negative marginal taxes can only be optimal if the planner has a non-standard
desire to redistribute resources from low-income earners to high-income earners as in |[Choné &
Laroque| (2010) and [Brett & Weymark| (2017)), or if the agents fail to maximize their own well-
being, e.g., due to a presence bias as in [Lockwood| (2017)).



for the low-skilled workers as for the unemployed (see Diamond 1980, |Saez (2002,
Choné & Laroque| 2011, |Christiansen|2015). While optimal marginal taxes can also
be computed, they are economically irrelevant as they do not lead to distortions at
the intensive margin. Again, the results do not depend on whether the skill set is
continuous as in (Choné & Laroque| (2011)) or discrete as in |Christiansen| (2015)).

Finally, there exist a few papers that study optimal income taxation with labor
supply responses at both margins. Saez (2002)) strongly advocates the mixed model
based on its empirical relevance and discusses how the mechanisms of this model dif-
fer from the pure intensive and the pure extensive model. He is also the first to show
that negative marginal taxes at low-income levels are compatible with a standard
desire for redistribution if both the optimal participation taxes and the participa-
tion elasticities of higher-income earners are sufficiently large. Unfortunately, this
crucial insight does not allow to verify the optimality of an EITC because the op-
timal participation taxes are endogenous entities that depend on the redistributive
concerns, the labor supply elasticities and the optimal marginal taxes themselves.
Additionally, Saez (2002)) provides numerical simulations of the optimal income tax,
finding throughout positive marginal taxes and (sometimes) negative participation
taxes at low income levels.

Mostly closely related to my paper is the one by Jacquet et al.| (2013)), who study
optimal income taxation in a random participation model with two-dimensional
heterogeneity. The main difference to my model is that they consider a type set that
is continuous in both dimensions, while I study a hybrid model with a discrete set of
skill types and a continuous set of fixed cost typesEr] The main result of Jacquet et al.
(2013) is given by a sufficient condition for the optimality of positive marginal taxes.
While this condition is expressed in terms of endogenous entities — participation
elasticities and marginal social weights — as acknowledged by the authors, they also
provide examples for which it is unambiguously satisfied. For example, they show
that the optimal marginal taxes are positive if (a) the social planner maximizes a
Rawlsian welfare function and (b) higher-skilled workers respond more elastically at
the extensive margin that lower-skilled workers, in line with the empirical evidence.
Moreover, they perform numerical simulations, finding that the optimal marginal tax
is positive in all considered cases, while the optimal participation tax is sometimes
negative (as in [Saez][2002)

21 Besides, their analysis is somewhat more general in allowing for income effects in labor supply.
22Lorenz & Sachs| (2012) complement these results by providing a condition under which optimal
participation taxes are positive everywhere. [Lehmann et al.| (2014)) and |Scheuer] (2014)) use similar
random-participation models to study optimal taxation with labor supply responses at the intensive
margin and another extensive margin. In particular, the agents can choose to migrate in|Lehmann
et al.|(2014) and change their occupation in |Scheuer| (2014). Although their models and research



Finally, Beaudry et al.|(2009)) show that an FITC with negative marginal taxes is
always optimal in a two-dimensional screening model that deviates in several aspects
from the previously discussed literature. First, the agents do not face fixed costs
of working, but opportunity costs related to the possibility of generating (higher)
income in an informal or black labor market. Hence, the social planner holds a
desire to redistribute resources from unemployed agents (the workers in the informal
sector) to formally employed agents with identical skills. Second, the planner is able
to observe hours worked in the formal sector and, consequently, to condition tax
payments on the wages of formally employed agents. Due to these two properties
and in contrast to my model, an EITC with negative marginal taxes is always
optimal for agents earning wages below some cutoff wage, and the optimal transfers

to unemployed agents are always zero.

3 Model

The following subsection presents a two-dimensional screening model in which labor
supply responds to tax changes at the intensive margin and the extensive margin.
Subsection provides formal definitions of the optimal tax problem and of labor
supply distortions at both margins. Subsection explains how the optimal alloca-
tion can be decentralized via non-linear income taxes, and Subsection discusses

the relation between social welfare functions and marginal social welfare weights.

3.1 The economy

The set of agents is given by a continuum of mass one and denoted by I, with typical
element 7. Agent i’s consumption is denoted by ¢, his contribution to the economy’s
output by y*. Agent i derives utility from consumption and suffers from the cost of
providing output. This cost can be separated into a variable effort cost and a fixed
cost of participating in the labor market. Formally, individual preferences can be

represented by the following utility function{®|
u(c,ys w6 =c —h (yi,wi) —1,is0o 5. (1)

The fixed cost of participating in the labor market is given by an individual para-
meter &' € A, which I refer to as agent i’s fized cost type. The variable effort cost

of providing output is measured by function h. It depends on the output level y!

questions differ from those in my paper, the mechanisms at work are similar.
23] comment on the implications of the functional form imposed by (1) below.



and an individual parameter w® € Q, which I refer to as i’s skill type. Absolute
and marginals cost of providing output are decreasing in this parameter, so that
ho(y',w') < 0 and hy,(y', w') < 0 for all y* > 0 and w’ € Q. Moreover, h is strictly
increasing and strictly convex in y*, so that hy(y",w’) > 0 and hy,(y",w") > 0 for
all y* > 0 and w' € Q. Finally, h is assumed to satisfy h(0,w") = 0, hyyw(y,w) < 0
for all y* > 0 and w* € Q as well as the Inada conditions lim, o h,(y*,w’) = 0 and
limy, o0 hy (3", w') = oo for all W' € Q.

Agent i is privately informed about his skill type w® and his fixed cost type §°.
The skill set €2 is given by a finite ordered set {wy,ws, ..., wy} With wjii/w; > 14¢
for all j € {1,2,...,n— 1} and some & > 0. The set of fixed costs A is given by a

closed interval with lower endpoint § and upper endpoint &, assumed to satisfy
é < max y — h (ya wl) ) 5 > max y — h (ya wn) : (2)
y>0 y>0

Under laissez-faire, agents with fixed cost type ¢ and any skill type w € 2 would
thus provide positive output, while agents with fixed cost type ¢ and any skill type
w € Q would provide zero outputf? As will become clear below, the combination
of a discrete set of skills and a continuous set of fixed costs helps to explain the
interaction between labor supply distortions at both margins.

The joint cross-section distribution of the pair (w’,d*) in the population at large
is commonly known and denoted by K : Q x A — [0,1]. The share of agents with
skill type w;, which I henceforth refer to as skill group j, is given by the number
f; > 0 for any j € j. The distribution function of fixed cost types in any skill group
J € J is twice continuously differentiable and denoted by G;. The corresponding
density function g; is bounded from below by some number g > 0 for all 6 € A and

there exists some closed subset of A on which g; is weakly decreasing.

3.2 The optimal tax problem

I use a mechanism design approach to solve for the optimal non-linear income tax.
Thus, I study the problem to maximize a social welfare function (to be defined below)
over the set of implementable, i.e., feasible and incentive-compatible, allocations. An
allocation is given by two functions ¢: 2 x A — R and y : 2 x A — R/ that specify
the consumption and output levels for all types in 2 x A. It is feasible if overall

consumption does not exceed overall output, i.e.,

LAC(W,a)dK(w,a)g/ y(w, 8)dK (w, 6), (3)

QXA

24This ensures that tax changes may affect the participation decisions of agents in all skill groups.



and incentive-compatible if
u(c(w,0),y(w,0);w,0) > u(c(w',d),y(w,d);w,d) (4)

for all types (w,0) and («',¢’) in 2 x A.

This maximization problem can be simplified considerably by focusing on the set
of allocations that are implementable as well as (second-best) Pareto efﬁcient.@ In
particular, Lemma 1| shows that any such allocation involves pooling by n + 1 sets

of different types.

Lemma 1. Every allocation (c,y) that is implementable and Pareto efficient (in
the set of implementable allocations) is characterized by two vectors (y;)": (cj)?:O

j=1’
such that,

o for each j € J={1,2,...,n}, all agents with skill type w; and fized cost type

d <0 =c¢; — h(y;,w;j) — co receive bundle (¢;,y;), and
e all other agents receive bundle (cg,0).

By Lemma , any implementable and (second-best) Pareto efficient allocation
satisfies two properties. First, all agents with skill type w; € Q and fixed cost types
below the (endogenous) participation threshold ¢; provide the same output level
y; > 0 and receive the same consumption level ¢; > 0. Second, all other agents
provide zero output and receive the same consumption level ¢y. Both properties are
driven by the additive separability of the fixed cost component ¢ in utility function
(1), which follows the random participation approach by Rochet & Stole (2002)@

Below, I will investigate the labor supply distortions in the optimal allocation.
The characterization of these distortions is based on the following thought experi-
ment, which I illustrate in Figures [ and [f] in Appendix [B.6] Consider an initial
allocation in which agent #’s bundle is given by (¢, %) > 0. Now consider providing
agent ¢ with a different bundle (¢,7) > 0 such that § — y* = ¢ — ¢* # 0. The set
of these potential deviations is given by a straight line through (c%, %) with slope
equal to 1, the economy’s marginal rate of transformation between consumption and
output. Agent i’s labor supply is said to be distorted if there is a bundle (¢,7) on
this line that 7 strictly prefers to (¢, y).

25For all welfare functions considered below, the welfare-maximizing allocation is ensured to be
(second-best) Pareto efficient by standard reasons.

26The first property follows because, conditional on working, an agent’s preferences over any set
of bundles depend only on his skill type. Hence, all workers in skill group j € J must receive the
same gross payoff ¢ — h(y,w). Pareto efficiency requires that they also receive the same bundle
(¢j,y;). The second property follows because, conditional on not working, an agent’s payoff is
independent of his type.

10



First, it might be possible to increase ¢’s utility through a marginal deviation
from (c’,3"). This will be the case if and only if i’s marginal rate of substitu-
tion, h, (y',w'), differs from 1. If h, (y*,w’) < 1, ¢ would strictly prefer an output-
increasing deviation. Then, ¢’s labor supply is said to be downwards distorted at
the intensive margin. Correspondingly, if h, (y*,w’) > 1, ¢ would strictly prefer an
output-decreasing deviation, and ¢’s labor supply is said to be upwards distorted at
the intensive margin.

Second, it might be possible to increase 7’s utility through a large deviation from
(c',y") that changes his participation status (from zero output to positive output or
vice versa). Consider an initial allocation with y* = 0 and the deviation to bundle
(" +¢,7) for some § > 0. Agent i would be strictly better off with the new bundle
than with his initial bundle if and only if i’s total costs of providing output gy are
below the additional utility from consuming ¢, h (7, w?) + §* < g. Hence, i’s labor
supply is said to be downwards distorted at the extensive margin if both y* = 0 and
8" < §*(w') = max,~oy — h(y,w").

Correspondingly, consider an initial allocation with y* > 0. Agent i would be
strictly better off with bundle (¢! — ¢, 0) than with his initial bundle if and only if i’s
total costs of providing output y° exceed the utility from consuming y*, h (y’, w') +
5" > y'. Hence, i’s labor supply is said to be upwards distorted at the extensive
margin if both y* > 0 and §" > y* — h (y*,w?).

By Lemma [}, it is possible to characterize the labor supply distortions for the
agents in each skill group j € J simultaneously. In particular, labor supply in
skill group 7 is said to be distorted at the intensive margin if the marginal rate
of substitution h(y;,w;) differs from one for all working agents with skill type wj.
Similarly, labor supply in skill group j is said to be distorted at the extensive margin
if the skill-specific participation threshold §; is either located below 0*(w;) (downward
distortion) or above y; — h(y;,w;) (upward distortion).

Finally, an allocation is said to be efficient if it does not involve labor supply dis-
tortions at any margin. Using Lemma [I] the efficiency losses in all other allocations

can be evaluated based on the implied deadweight loss, defined as

6" (wj)
DWL(c,y) = ij/ 9;(8) [6*(w;) — 6] do

where §; = ¢; — h(y;,w;) — co as derived in Lemma [1]f7]

2In Appendix I explain the derivation of and show that the overall deadweight loss can
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3.3 Decentralization

In Section |5 below, I provide the main results of this paper by characterizing the
labor supply distortions in the optimal allocation at both margins. As I demonstrate
in the following, these results can straightforwardly be translated into statements
about the signs of the optimal marginal tax and the optimal participation tax.
Consider the class of social choice functions that are decentralized through non-
linear income tax schedules, mapping output levels into tax payments. I denote by
(cr, yr) the social choice function that is decentralized by tax function T'. The litera-
ture also refers to yr as pre-tax income, and to ¢y as post-tax income. Tax function
T is admissible if the tax revenue is non-negative, [, T [yr(w,d)] dK (w,d) > 0.
The problem of an agent with type (w,d) is to choose income y in order to
maximize U(c,y;w,d), subject to the individual budget constraint ¢ = y — T'(y).
To simplify the exposition, assume that 7' is continuously differentiable. Then, the

solution to this program is given by

yr(w) if 0 <or(w)

0 if 6> dp(w), ©)

Yyr (w7 6) = {
where y4.(w) is implicitly defined by
1=T"lyp(w)] = hy (y7p(w), W), (7)

and d7() == () — h (g (w),w) — [T (y5(@)) = T(0)].

The case distinction again results due to the additive separability imposed by .
Conditional on working, the agent’s optimal income yi(w) is defined by the first-
order condition (|7)), which involves only his skill type w and the marginal tax 7" ﬁ
Consequently, participating in the labor market can increase the agent’s utility at
most by dr(w), the net gain from increased consumption and increased effort costs. If
his fixed cost d is lower than dr(w), the conditional optimum ;. (w) hence maximizes
the agent’s utility. If § instead exceeds dr(w), the agent prefers zero income to any
positive income y > 0. Note that the fixed cost type ¢ and the participation tax
T'(y) —T(0) affect only the extensive decision whether or not to work at all, but not
the intensive decision how much to work.

Consider an implementable and Pareto-efficient allocation (¢, y), given by the

consumption-output bundles of the workers in each skill group j € J and the unem-

be decomposed in efficiency losses from distortions at both margins.

281f T is strictly convex, the first-order condition may be satisfied at several income levels. If
T is not continuously differentiable, y*(w) might be located at a kink of T' and fail to satisfy .
For the sake of clarity, I abstract from both complications here.
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ployed (see Lemma [1)). By the taxation principle, any such allocation can be de-
centralized by a non-linear tax schedule 7" so that (¢r,yr) = (¢,y). The required
properties of tax T" depend on the labor supply distortions in allocation (¢, y).
First, as usual, if labor supply in skill group j is downwards distorted at the
intensive margin, the marginal tar at income level yj(w;) = y; must be strictly
positive. Correspondingly, if labor supply in skill group j is upwards distorted at
the intensive margin, the marginal tax at income level y;(w;) = y; must be strictly
negative. Intuitively, a positive (negative) marginal tax is required to ensure that
each agent with skill type w; provides lower (higher) output than efﬁcient.@
Second, the required sign of the participation tax has to correspond to the
extensive-margin distortions in (c¢,y). In particular, if labor supply in skill group
j is downwards distorted at the extensive margin, J; < 6*(w;), the participation
taz T (y) — T(0) must be strictly positive at the income level that maximizes
Yy — h(y,wj)m Intuitively, a positive participation tazr is required to ensure that
the agent chooses to inefficiently stay out of the labor market. Correspondingly,
if labor supply in skill group j is upwards distorted at the extensive margin, the

participation tax at income level yi.(w) = y; must be strictly negativeﬂ

3.4 The social welfare function

In optimal tax theory, social welfare is usually taken to be an increasing function of
individual utilities that gives rise to a “desire for redistribution” (Hellwig [2007). A

standard assumption is that the social objective can be expressed as
[ ) ¥ (el0) = hly(,8).6 ~ Lywson ) dK .. (9
QxA

where the transformation ¥ : R — R is strictly increasing and weakly concave, and
the weighting function v : Q2 x A — R, is weakly decreasing in w and weakly incre-
asing in . The desire for redistribution is either introduced through transformation
U or through type-dependent weights ; with quasi-linear preferences, it would not
be present if welfare were given by the unweighted sum of individual utilities.

In an economy with heterogeneity in skills only, the concavity of ¥ and the

monotonicity of v ensure that society has a standard concern for redistribution

29By definition, labor supply in skill group j is downwards distorted at the intensive margin if the
marginal rate of substitution at y; is below 1. The marginal tax must hence satisfy T (y%(w;)) =
1 — hy (¥ (wj),w;) > 0 to ensure that the workers in skill group j choose income yi.(w;) = y;.

30 As shown above, an agent self-selects zero income if his fixed cost type § exceeds y — h(y,w) —
[T(y) — T(0)], the utility gain of participation, for all positive income levels.

31To the best of my knowledge, this correspondence has never been shown rigorously in the
previous literature.
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from higher-income earners to lower-income earners. In the economy with two-
dimensional heterogeneity considered here, the same assumptions fail to pin down
the direction of desirable redistribution uniquely.

To see this potential ambiguity, consider the case where W is strictly concave
while ~ is constant over all types in 2 x A. Hence, society desires to redistribute
resources from types enjoying high levels of utility to types with lower levels of
utility. In the economy with two-dimensional heterogeneity, an agent’s utility is
increasing in his skill type and decreasing in his fixed cost type. Consequently, a
low-skilled agents with low fixed costs may enjoy a higher utility than a high-skilled
worker with high fixed costs. By Lemma (1| however, the social planner can only
redistribute resources between the n + 1 groups of agents who provide different
output levels: the group of unemployed workers and the groups of workers with
skill type w; for any j € J. Hence, the concavity of ¥ is neither a necessary nor a
sufficient condition for a social desire to redistribute resources from higher-income
earners to lower-income earnersf?| Instead, the direction of desired redistribution
depends on the properties of ¥ (and 7) and on the joint type distribution K.

To deal with this complication, I express the social concerns for redistribution
by the average marginal welfare weights associated to the n + 1 groups mentioned
above, evaluated at the welfare-maximizing allocation. For any j € J, I define the
social weight &; as the marginal welfare effect of increasing c;, the consumption level

enjoyed by all workers with skill type wj,
a; = Es [y(wj,0) W' (¢; — h(y;,w;) —0)| 6 < 5] . (9)

Correspondingly, I define the social weight @y of unemployed agents as the marginal

welfare effect of increasing ¢y, the consumption level of all unemployed agents,
ag = E,, 5 [7(w;,0) ¥ ()| d <d;,5€J] . (10)
The average weight across the population is given by
= /QXA [(@; — @) Tys)>0 + ao] dK (w;,d). (11)

In the remainder of this paper, I restrict my attention to welfare functions that
give rise to monotonically decreasing social weight sequences, which seems to be

most natural and economically most relevant case.ﬂ Importantly, this restriction

32Gimilarly, the assumption that 7 is decreasing in w and increasing in § does not ensure a
concern for redistribution from higher-income earners to lower-income earners.
331n Appendix I provide conditions on ¥, v and K that jointly ensure that the social weight
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simplifies the comparison of my results with those in the standard |[Mirrlees frame-
work: If the optimal tax has non-standard properties, they cannot be driven by a
non-monotonicity in the social weights as in, e.g., (Choné & Laroque| (2010), but
must be related to the interaction of labor supply responses at the intensive and
extensive margins.

To simplify the exposition, I henceforth treat the group-specific social weights
as if they were exogenous objects and denote them by a = (ap, a1, ..., q,). Wit-
hout loss of generality, I focus on the weight sequences that are normalized to have
an average weight of 1. I denote the set of strictly decreasing, normalized weight

sequences by A.

4 Assumptions

In Subsection [4.1], I impose a set of assumptions on the joint type distribution and
the effort cost function, i.e., the primitives of the model. As shown in Subsection
[4.2] these assumptions ensure consistency of the model with the empirically observed
patterns of labor supply responses. The relevance of each assumption for the results

of this paper is discussed in the subsequent sections.

4.1 Assumptions on primitives

The first two conditions impose restrictions on the joint type distributions, expressed
in terms of the hazard rates of fixed costs distributions. Fix a skill type w;. Recall
that G; denotes the cdf of the distribution of fixed cost types in the group of agents

with this skill type. The hazard rate of this cdf is given by A,(d) = gjj ((‘?).

Condition 1. The joint type distribution has the following properties:
(1) For each j € J, A;(9) is strictly decreasing in 6.
(it) For each j € J_,, = J\{n} and 6 € A, A;(0) > A;+1(9).

Condition [I] requires the hazard rates of G; to be decreasing along both type
dimensions.@ Part (i) is a standard monotone hazard rate condition that is satisfied
whenever the conditional fixed-cost distributions are log-concave. Part rules out

a specific type of positive joint variation between skill types and fixed cost types.

sequence @ is monotonically decreasing. Additionally, I provide an example in which & is locally
increasing although W is strictly concave.

34Note that the same assumption is used by (Choné & Laroque| (2011)) and [Jacquet et al.| (2013).
Scheuer| (2014)) imposes a similar but stricter assumption on the joint type distribution.
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For some distribution functions, it is identical to the assumption that G; weakly
dominates G4 in the sense of first-order stochastic dominanceﬂ
The second condition compares the previously defined cdf hazard rate A;(5) with

the hazard rate of the corresponding pdf in the same skill group j. I denote this pdf
g;(9)
0®)"

hazard rate by a; =

Condition 2. The joint type distribution has the following properties:

(1) For each j € J, a;(9) is weakly decreasing in 0 with daé—y) € [2 %'5(5),0]

(i1) For each j € J_, and 6 € A, 0 < a;(8) —aj11(5) < 2[A;(0) — Aj41(5)].

Condition [2[ imposes two novel conditions that have not been used in the lite-
rature before.m They require that the pdf hazard rate a; varies across both type
dimensions in the same direction as the cdf hazard rate A;, but at a sufficiently
small rate compared to the latter. Both parts of Condition [2| are satisfied, e.g., if
the fixed cost distributions are uniform or logistic for all skill groups. Moreover,
part trivially holds whenever skill types and fixed cost types are independently
distributed F7]

The third condition imposes mild restrictions on the effort cost function h.

Condition 3. There are two numbers p11 € (0,00) and ps € (0,00) such that, for
each y > 0 and w > wy, the effort cost function h satisfies

. hy (y,w
(i) sty < ms and

. w oo (y,0)
(i) =57ty = Mo

Condition [3] is satisfied for all commonly used functional forms, including the

class of functions given by h(y,w) = 1+11/U (%)IH/U for any o € (0, 00).

4.2 Implications for labor supply elasticities

Condition [1] puts a restriction on the relative responses at the extensive margin in
different skill groups. It proves helpful to measure these responses by the semi-

elasticity n; of participation in each skill group j, formally defined by

_ 0Gj(¢j = h(y;,w)) — o) L
773 (C7 y) T acj Gj (C] —h (yy; wj) - CO)

35Tn general, Condition is neither implying nor implied by first-order stochastic dominance.

36For the discrete set of skills studied here, Condition [2| gives rise to a monotonicity result that
simplifies the following analysis. With a continuous set of skills as in most previous papers, this
monotonicity result would come for free.

37Tn Appendix I provide a set of commonly used distribution functions for which Conditions
and [2] are satisfied.

=4;(6;)  (12)
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for each j € J ﬁ Condition [1| ensures consistency with the empirical findings that
low-skill workers respond more elastically at the extensive margin than high-skill

workers (see, e.g., [Juhn et al.||1991} 2002 and Meghir & Phillips [2010)).

Lemma 2. For each j € J_,,, skill group j has a strictly larger semi-elasticity of
participation than skill group j + 1, n;j(c,y) > n;+1(c,y), in every implementable

allocation.

As can be seen from equation , the semi-elasticities of participation are en-
dogenous objects that vary with allocation (¢, y). In particular, Condition [I| implies
that a uniform increase in the consumption levels of workers in skill groups j and
J + 1 leads to a reduction in the semi-elasticities n; and 7;41. The effect on the
ratio of both semi-elasticities 7; j+1 == 1;/nj4+1 can go in any direction and have any
magnitude, however. Condition [2] rules out erratic fluctuations of 7; ;1 by impo-
sing bounds on the semi-elasticity €;, . of this ratio with respect to such a uniform
transfer P9

Lemma 3. For each j € J_,, the semi-elasticity of the relative participation re-

sponses 1j j+1 = N;j/Nj+1 with respect to uniform transfers satisfies

leqe(cy)| < mjle,y) —njsi(cy) .

While ¢ . is in principle an observable quantity, I am not aware of any empirical
results on its sign or magnitude. Under Condition [2] it may be positive or negative,
but has to be sufficiently small in absolute terms. Given the lack of empirical
evidence, this seems to be a reasonably weak assumption.

Finally, Condition [3| puts mild restrictions on the labor supply responses at the
intensive margin. Effectively, it ensures that labor supply does not respond in a

degenerate way to tax changes.
Lemma 4. For each j € J, the elasticity of income with respect to
(i) the retention rate 1—T"'(y) is bounded from above by some number pu; € (0,00);

(i1) the skill level w is bounded from below by some number po € (0, 00).

38More precisely, 7); represents the semi-elasticity of the skill-specific participation share G;(d;)
with respect to the net-of-tax income ¢; = y; — T'(y;) faced by the workers with skill type w;. It
indicates by how much percent the participation share in skill group j increases if ¢; is increased
by one unit.

39Formally, I define the semi-elasticity of the relative participation responses 7); j+1 as €5,..(c,y) ==

8’!7_7‘,_7'_*_1(6_7‘,6]‘4_1,0) 1 A . . AN g_j((s]‘JrC/) G_j+1(5j+1+cl)
ac! 75,5+1(05,0541,0) where 7); (0, 6j+1,¢') = Gj(05+¢) gj1(d541+¢) "
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Condition [3|can hence be regarded as a weak regularity condition that guarantees
a minimal degree of consistency with the empirical evidence. It is worth noting
that the results of this paper would be unaffected if I would directly assume the
before-mentioned properties of labor supply elasticities to hold, instead of imposing

assumptions on the primitives in the first place.

5 Results

In the following, I present the formal results of this paper. I start by investigating
a relaxed version of the optimal tax problem, for which I derive two preliminary
results of crucial importance. Then, I provide two results on the optimality of
upwards distortions at both margins in the solution to the non-relaxed problem. As
explained in Subsection these results can easily be translated into results on
the optimality of negative marginal taxes and participation taxes. The economic

mechanism behind these results will be explained in the following section.

5.1 Preliminary results

As Jacquet et al.| (2013)), I start by studying a relaxed version of the optimal tax
problem that ignores the incentive compatibility (IC) constraints between working
agents with different skill types. More precisely, I study the problem of maximi-
zing social welfare subject to the feasibility constraint and the subset of IC

constraints, first, between all agents with identical skill types,
u(c(w,d), y(w,6);w,0) = u(c(w,d),y(w,d");w,d) (13)
for each w € Q and 6§, € A, and second, between all unemployed agents,
c(w,d) > c(w',d") (14)

for each pair (w,d) and (w’,0’) in Q x A such that y(w,d) = y(w’,d") = 0.

Lemma [1| continues to apply to the set of allocations satisfying this reduced set
of IC constraints. Hence, the solution to the relaxed problem involves, first, pooling
by all unemployed agents and, second, pooling by all working agents with the same
skill type. Moreover, an agent with skill type w; provides positive output if and
only if his fixed cost type is below the skill-specific threshold ¢;. As a result, the

solution to the relaxed problem for the social weight sequence a can be denoted by

the vectors (C?R>;L:O, (y;?‘R)?Zl and ((5;“%)?:1, where 097 = 4% — h(yoF, w;) — g".
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Lemma 5. There is a number x € (1,2] such that, if o; € [0,x) for all j € J, the

relaxed problem has a unique solution that satisfies

hy<y?R7wj) =1 VJ €J s (15>
o . a; — 1 .
5 — 6" (wy) = A;(T]‘-‘R) Vjield, and (16)
g = D [GHE) (57 (w)) — 677 (17)
j=1

First, Lemma [5| indicates that the relaxed problem is well-behaved if the social
weights of all groups of workers are below some threshold x € (1,2]. For higher
social weights, in contrast, an allocation may satisfy the first-order conditions, but
violate a second-order condition. This is a well-known problem for models with labor
supply responses at the extensive margin@ The resulting technical complications
are not directly related to the research question of this paper. Hence, I proceed by
restricting my attention to a subset of social weight sequences for which the existence
of a well-behaved solution is ensured. In particular, I define the set AX C A as the
subset of strictly decreasing weight sequences for which each element «; is below
the threshold y. All results in the remainder of this paper will be derived for weight
sequences in AX.

Second, equations and characterize the labor supply distortions in the
solution to the relaxed problem. At the intensive margin, optimal output y®% is
undistorted in all skill groups. This may not come as a surprise to the reader, because
the IC constraints between different skill groups have not been taken into account in
the relaxed problem.@ At the extensive margin, in contrast, optimal output y*% can
be distorted in both directions. In particular, labor supply is distorted downwards
at the extensive margin in each skill group with a social weight below the average
weight of 1, and distorted upwards in each skill group with a weight above 1. With
decreasing social weights, upwards distortions can only be optimal at the bottom of
the skill distribution, consequently.

These results give rise to the crucial questions whether the introduction of the
previously omitted IC constraints, first, leads to downwards, upwards or no distor-
tions at the intensive margin, and second, changes this simple pattern of distortions
at the extensive margin. In particular, upwards distortions at the intensive margin

can only be expected to be optimal if the solution to the relaxed problem violates

40Formally, the Lagrangian can become strictly convex in ¢; for aij > x. In this case, the welfare
function may have multiple local extrema (see also discussion in |Choné & Laroque|[2011]).

In the classical model by [Mirrlees| (1971), distortions at the intensive margin are optimal
because they allow to relax the binding (downwards) IC constraints between adjacent skill types.
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the upward IC constraints,

aR aR aR aR
1 = h (y5 " wy) = G = h (Y wg) (18)
for some pairs of adjacent skill types (wj,w;4+1). In an intensive-margin model a la
Mirrlees (1971), this is impossible as long as social weights are decreasing, a; > avj41.
In the present model with labor supply responses at both margins, the answer to
this question is more subtle.
In the relaxed problem’s solution, the workers in skill group k& € {7, j + 1} receive
a bundle (ck,y;) that satisfies ¢ — h (yp®,wi) = 0% + ¢§F. Using the implicit
definitions of 5;‘R and 5;3?1 in equation and rearranging terms, one finds that
the upward IC constraint between skill groups j and 7 + 1 is violated if and only if
Q1 — 1 Qy — 1

>
Njt1 (OB, yoR) = m; (coR, yoR)

+ B; (19)

where the term B, is strictly positive and depends on the distance between w; and
wjt1 and on g, ;-7 and €, the elasticities of income with respect to the retention
rate and the skill level ]

By equation , it mainly depends on two statistics whether the upward IC
constraint between skill types j and j + 1 is satisfied or violated: the social weights
a; and ;41 and the semi-elasticities of participation 7; and njHﬂ Recall that a; is
larger than a4 for all considered weight sequences, and that 7; is larger than n;; by
Lemma . Hence, equation provides two important insights. First, the upward
IC constraint can only be violated if both social weights «; and o1 are above the
population average of 1 and relatively close to each other. Second, if this condition
is met, then an increase in the relative participation responses 7;/n;+1 makes the
upward IC constraint more likely to be violated. Both insights are limited by the
fact that the semi-elasticities n; and 7,4, are endogenous quantities that depend on
the social weights «; and 1. To proceed, I can however exploit that equation (|19
implicitly defines a function ﬁjU : [0, x) — R such that the upward IC constraint is
violated if and only if a1 > 87 ().

Similarly, I can use equation to define a function BJD : [0, x) — R such that

42In Appendix I formally derive the term B; and show that it can be approximated by
0.5y5 2 hy [(y5H + y;‘fl)/Z,wj]sz’ws;LT, (Wjt1/w; — 1)%, where the elasticities are evaluated at
(Y5, wj).

43Jacquet et al| (2013) provide a similar condition for the model with a continuous skill set.
Their condition does not contain the term B;, which vanishes for w;;1/w; — 1.

20



the downward IC constraint

c;?‘fl —h (y?fp Wjy1) > C?R —h (yfR7 Wit1) (20)

is violated if and only if a4 < 37 (aj).@ For both functions, there exist no closed-
form expressions. Nevertheless, I can use them to identify the pairs of social weights

(aj, aj11) for which each local IC constraint is violated in allocation (c*f, yf).

Lemma 6. For each j € J_,, the functions BJD and BJU are continuously differenti-
able, strictly increasing and satisfy 0 < ﬁJD(:U) < BJU(:U) < x for any x € [0, ). For
each j € J_,, there is a number a; > 1 such that, if wji1/w; € (1,a;),

(a) B (x) < x if and only if x is above a unique number éj € (0,1), and
(b) BY(x) < a if and only if x is above a unique number B; € (1, x).

Lemma [6] provides conditions under which the relaxed problem’s solution, first,
violates the downward IC constraint, second, satisfies both IC constraints or, third,
violates the upward IC constraint between the workers in skill groups j and j + 1,
depending only on the social weights a; and o4;. If the relative distance between
skill levels w; and wj4; is sufficiently small, each of these three cases arises for some
pair of social weights with a; > ozj+1.|ﬂ

Figure[I]illustrates the formal statements in Lemma[6] to make them more easily
accessible. The shaded area below the 45° line comprises all possible combinations
of the social weights o; and a1 < «; in the relevant set AX. Additionally, Figure
contains two ascending graphs corresponding to the functions BJ-D and ﬂJU in Lemma
6l Each graph crosses the 45° line exactly once, i.e., each function has a unique
fixed point. The fixed point ﬁj of function B]-D is located between 0 and the average
weight 1. The fixed point 3; of function BJU is located between the average weight
1 and the upper threshold y. By Lemma @ the functions BJD and BJU partition the
relevant set of weights A into three regions.

For each pair (o, @j41) in region I, the relaxed problem’s solution violates the
downward IC constraint, i.e., higher-skilled workers consider their bundle (C?Rl, y?fl)
less attractive than the bundle of the lower-skilled workers, (¢;,y;). As can be seen
from Figure , this constellation results if either both social weights are low (below

B) or if the difference between the social weights a; and a;y; is large. In the first

44For completeness, Appendix provides a condition that allows to determine whether the
downward IC constraint is satisfied or violated based on labor supply elasticities and social weights
(corresponding to equation .

451f the relative distance between w; and w1 exceeds the bound a;, the solution of the relaxed
problem may satisfy both local IC constraints (or one of them) for all a; and ;41 in (0, x).
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Figure 1: Local IC constraints in the relaxed problem’s solution

case, the planner has a strong desire to redistribute resources from the workers in
skill groups j and j + 1 to lower-skilled workers and/or unemployed agents. In the
second case, the social planner has a strong desire to redistribute resources from the
workers in the higher skill group j + 1 to the workers in the lower skill group j.

For each pair (a;, oj41) in region II, the relaxed problem’s solution satisfies both
local IC constraints, i.e., the workers in each skill group prefer their own bundle
to the one designated for the other group. As can be seen from Figure [1} this
constellation mainly occurs if both social weights are close to 1. In this case, the
social planner has only a limited desire to redistribute resources between both groups
of workers and the average agent in the economy.

For each pair (o, ;i) in region III, the relaxed problem’s solution violates
the upward IC constraint, i.e., lower-skilled workers consider the bundle (C?fp ?J?ﬁ)
more attractive than their own bundle. Figure[l|shows that this constellation occurs
if both social weights are above the fixed point Bj > 1 and close enough to each
other. Hence, the social planner has a strong concern for redistribution from higher-
skilled workers to the workers in the skill groups 5 and 7 4+ 1, but only a limited
desire to redistribute resources between the workers in these two skill groups. By
Lemma [5| labor supply in both skill groups is upwards distorted at the extensive
margin in this case.

Summarizing, Lemma [0] clarifies that the relaxed problem’s solution may indeed
conflict with downward incentive-compatibility, as one might expect. But it may
also conflict with upward incentive compatibility even if the social weight sequence
is strictly decreasing, which is true for all weights in AX. In this case, upwards

distortions at the intensive margin would be optimal if the social planner only had
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to account for the IC constraints between skill groups j and j + 1. The main results
in the following subsection provide conditions under which the same is true in the
optimal (second-best) allocation, i.e., when the full set of local IC constraints is

taken into account.

5.2 Main results

In the following, I characterize the labor supply distortions in the optimal allocation,
i.e., the solution to the non-relaxed problem. I start by identifying a set of properties

that the optimal allocation satisfies for any decreasing weight sequence in set AX.

Proposition 1. For each o € AX, the optimal tax problem has a unique solution
(e, y*) with 0; € [é, 5) for all 5 € J. In this solution,

1) the consumption level ¢ of the unemployed is strictly positive;
0

(i1) there is a number k* € (0,n) such that optimal output is

a) upwards distorted at the extensive margin in skill group j if and only if
7 < k%, and

b) downwards distorted or undistorted at the intensive margin in skill group j
if § >k

(111) optimal output in the highest skill group n is undistorted at the intensive margin

and downwards distorted at the extensive margin.

By Proposition [T, the optimal tax problem has a well-defined solution with the
following properties for any a € AX: First, the social planner provides a strictly posi-
tive transfer to the unemployed agents. Second, upward distortions at the extensive
margin can only be optimal in the lowest skill groups with 7 < k“@ Moreover,
upward distortions at the intensive margin can only be optimal in a subset of these
low-skill groups. Hence, upward distortions at the extensive margin are a necessary,
but not sufficient condition for the optimality of upward distortions at the intensive
margin. Third, Proposition (1| qualifies the classical no distortion at the top result.
At the intensive margin, labor supply by the most productive workers is always un-
distorted as in Mirrlees (1971). At the extensive margin, in contrast, labor supply
in the top skill group is always downwards distorted.

Apart from these common properties, there are substantial differences between
the optimal allocations for alternative social weights in AX. In the following, I focus

on the social weights in specific subsets of A,.

461t should be noted that this includes the case k* < 1, where labor supply in all skill groups is
downwards distorted at the extensive margin (i.e., that k% < 1).
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Definition 1. For each k € {2,...,n — 1}, set AY contains all welfare weight se-

quences o € AX such that
(i) ajyr > Y () forall j € {1,... k — 1} with at least one strict inequality, and

(i) ajpq > B (o) forall j € {k,...,n—1}.

The construction of set AY can be illustrated using Figure (1| above. In this figure,
any weight sequence a € AX can be depicted as an ascending scatter plot consisting
of n—1 points, representing the weight-pairs (o, oj11) for all j € J_,,. For simplicity,
assume that the functions 8 and 85 were identical for all j € J_n.m Then, for any
sequence of social weights in AV, the first k — 1 weight-pairs (ay, az), ..., (r_1, k)
are located in region III in the upper right part of Figure [T, while each of the
remaining weight-pairs is either located in region /11 or in the intermediate region
11. The social weight sequences hence represents a social planner with a pronounced
concern for redistribution from highly skilled workers to the workers in the lowest
skill groups and the unemployed, but only a limited concern for redistribution among
the workers in the lowest skill groups.

For any k € {2,...,n — 1} and any weight sequence in the set AY, the labor

supply distortions in the optimal allocation can be characterized as follows.
Proposition 2. For any o € AY, optimal output y* is
e upwards distorted at the extensive margin in skill groups {1,...,k}, and
e upwards distorted at the intensive margin in skill groups {2, ..., k}.

By Proposition [2] the optimal allocation involves upward distortions at both
margins for any social weights in the set AY. In particular, labor supply in the &
lowest skill groups is upwards distorted at the extensive margin, and labor supply by
all workers with skill types w; € {wa,...,w;} is upwards distorted at the intensive
margin. For all social weight in AY with any k& > 2, this optimal allocation can
only be decentralized by an income tax with negative marginal taxes and negative
participation taxes at low income levels. Proposition [2| hence provides a sufficient
condition for the optimality of an EITC, expressed in terms of social welfare weights
only. In Appendix[B.1] I complement this result by two necessary conditions for the
optimality of an EIT C’.ﬁ

It is important to emphasize, however, that these social weights are endogenous

objects that depend on the properties of the welfare function (8) and on the joint type

4TNote that this simplifying assumption is only used to explain the construction of set Alk].
48Tn particular, I identify social welfare weights for which the optimal marginal income tax is
(a) strictly positive everywhere below the top or (b) zero at all relevant income levels.
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distribution K. Hence, the previous result is only relevant if there exist well-behaved
welfare functions for which a weight sequence @ in the set AY arises endogenously
(for some k € J). In the following, I focus on welfare functions that involve a
transformation ¥ : R — R and a type-dependent weighting function v : 2 x A —
R, with standard properties. More precisely, a welfare function (¥,~) is said to
be regular if (a) W is strictly increasing and weakly concave and (b) ~ is weakly

decreasing in w and weakly increasing in 9.

Proposition 3. There are two numbers a; > 1, m* > k+1 and two vectors (¢§)7_,,
(5;?);?:1 with ¢§+1 > ¢f for all j € J_,,, ¢§ =1 for j =2 mk and 5;? € (é, 5) for all

J € J such that, if
(a) C‘Jj‘d—jl<af]f07’alljE{l,...,k—l},
(b) n>mk and

(¢) 351 1iGi(0))df > 1,
there exist reqular welfare functions for which a € AY.

Proposition |3 provides three conditions that jointly ensure the existence of well-
behaved welfare functions for which an Earned Income Taxr Credit with negative
marginal taxes and negative participation taxes is optimal. Although these conditi-
ons appear complicated, they can easily be interpreted.

Condition @ requires the relative distance between each pair of adjacent skill
types in ) to be sufficiently small. It can hence be seen as a technical regularity
condition with respect to the skill set €.

The remaining two conditions ensure that there is a sufficiently large share of
workers with higher skill types than wy. By condition (]ED, the cardinality n of the
skill set 2 has to be equal to (or above) some finite threshold m* > k + 1. Recall
that the ratio w;1/w; is assumed to exceed 1 + ¢ for some € > 0. Hence, condition
(]ED requires the relative difference between the highest skill type w, and the lowest
skill type w; to be large enough.

By condition , the population share of the agents with high skill types (w,,x
or higher) and low fixed cost types has to be sufficiently large. To see this, note
that the condition compares a weighted average over the increasing sequence ¢* =
(¢F, ¢5,...,¢F) with 1. Each element ¢¥ is weighted by the population share of
the agents with skill type w; and fixed cost types below some threshold 5;“ (i.e.,
the agents in skill group j with the largest preference for participating in the labor

market). By construction, element ¢f is smaller than 1 for all skill groups below
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the threshold m*, and larger than 1 for all higher skill groups. Hence, condition
is certainly satisfied if the population share Z;L:mk ijj((SJ’?) of highly productive
agents is close to 1, and certainly violated if the same population share is close to
zZero.

For a given joint type distribution K, the threshold m* is increasing in the level
of k, i.e., the number of skill groups for which the optimal marginal tax is negative.
Thus, the larger £ is, the harder conditions (]E[) and are to satisfy. As a result,
there is a unique critical value & < n — 1 such that both conditions are jointly
satisfied if and only if k is below k. Put differently, Proposition [3| implies that the
optimal allocation can only involve upwards distortions at the intensive margin for
workers with some critical skill type wj, and belowﬁ

From an applied perspective, results on the exact location of the critical skill
wr and, correspondingly, on the income range with optimally negative marginal
taxes would be of primary interest. In principle, the conditions in Proposition
allow to determine wy precisely, given appropriate information about the primitives
of the model, especially the effort cost function and the joint type distribution.
Unfortunately, these objects cannot be observed directly and the critical value wyg
cannot be determined analytically. In the next sections and in Appendix [B] however,
I use three strategies to derive additional insights on the optimality of upwards
distortions at the intensive margin.

First, I calibrate the model to the US economy in Section [7} matching empi-
rical moments such as the income distribution and labor supply elasticities. For
the calibrated model, I am able to determine the critical skill level wz and the cor-
responding (phase-in) income range numerically. Second, Lemma 25/ in Appendix
[B.4] provides an upper bound on the critical skill wy, which is mainly expressed in
terms of observable quantities such as the joint type distribution and labor supply
elasticities. Third, I use this upper bound to show that the potential optimality of
negative marginal taxes remains valid if the skill set converges from a discrete set
to an interval in Appendix [B.5|PY] These additional results hence suggest that the
main result of this paper — the potential optimality of negative marginal taxes — is

both robust and empirically relevant.

49Hence, the endpoint of the EITC phase-in range is never located above the optimal income of
workers in threshold group k.

50For the third point, I focus on an example with simple functional forms that allows to derive
a limit result on the skill range with optimally negative marginal taxes.
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6 The tradeoff between intensive efficiency and

extensive efficiency

In the following section, I explain the economic mechanism behind Propositions
to The optimal pattern of labor supply distortions are driven by, first, the
standard trade-off between equity and efficiency and, second, a previously neglected
trade-off between labor supply distortions at both margins. The section focuses
on an auxiliary problem that helps to isolate the latter trade-off and clarify its
implications for the optimal allocation ]

In particular, consider the auxiliary problem to maximize efficiency subject to a
reduced set of incentive compatibility constraints and to the constraint that some
fixed amount of resources is redistributed from the high-skill workers to the unem-
ployed agents and the low-skill workers. More precisely, the planner’s problem is
to minimize the deadweight loss from labor supply distortions over the set of
feasible allocations, subject to the constraint that the exogenous amount R > 0 of
resources is transferred from the set of workers with skill type w3 and higher to the

set of unemployed agents and workers with skill types w; and ws,
n 2 n
S L =G0 co+ > FiGi6)(c; —y) =D fiGi)y —c)) =R, (21)
j=1 j=1 Jj=3

and to the incentive compatibility constraints between all agents with identical skills
, between all unemployed agents , and between the workers in the lowest

two skill groups,

¢ = h(yz,wa) = 1 — h(yr,w2) (22)
C1 — h(yl,wl) Z Co — h(yg,wl) . (23)

I henceforth refer to this program as the problem of efficient redistribution. I denote
its solution by (c¥, %) and the implied vector of participation thresholds by . The

following lemma identifies the labor supply distortions in this solution.

Lemma 7. Consider a redistribution amount R > 0 such that the solution (c¥, y¥)

to the efficient distribution problem exists and is interior.

(i) Output y¥ is upwards distorted at the extensive margin in skill groups 1 and 2.

5L At the end of this section, I also comment on the differences between this auxiliary problem
and the optimal tax problem studied above.
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(ii) There is a number a® > 1 such that, if wy/w, € (1, aE), output y¥ is upwards

distorted at the intensive margin in skill group 2.

By Lemma [7] redistributing resources in the most efficient way requires to dis-
tort labor supply of low-skill workers upwards at both margins. This result holds
whenever, first, the distance between skill groups 1 and 2 is sufficiently small and,
second, the problem has an interior solution. The first qualification is related to
the assumption of a discrete skill set and will become clear below. The second
qualification has to be made because the problem may fail to have a well-behaved
solution for high levels of R. In particular, it may be impossible to collect the requi-
red amount of resources from the high-skilled workers due to Laffer curve effects[?]
Besides, the solution for high levels of R may involve labor market participation
by all low-skill agents, i.e., a boundary solution with extreme upward distortions.
As both problems have no relevance for the optimal income tax problem and the
trade-off between intensive efficiency and extensive efficiency, I henceforth restrict

my attention to cases with a well-behaved solution.

Upward distortions at the extensive margin. I start by explaining why effi-
cient redistribution y” gives rise to upward distortions at the extensive margin in
both low-skill groups, i.e., why the participation threshold (5JE exceeds its first-best
level 6*(w;) for j € {1,2} (first part of Lemma [7). Assume first that the local IC
constraints between the workers in skill groups 1 and 2 are not binding and can
hence be ignored. In this case, the efficiency-maximizing allocation (c¥,y¥) does
not involve distortions at the intensive margin. Hence, the social planner only fa-
ces the problem to minimize the deadweight loss from distortions at the extensive
margin.

For each j € {1,2}, the optimal level of the participation threshold (5;3 is impli-
citly defined by the first-order condition with respect to c;,

01— Xg n;(cE,yF)

67 =6 (wy) = —yl —c

>0, (24)

where \g is the Lagrange multiplier associated with the constraint that R resources
have to be transferred to the unemployed and the working poor. Equation has
two crucial implications.

First, low-skill labor supply is upwards distorted at the extensive margin whene-

ver the redistribution constraint is binding, i.e., the amount R is strictly positiveﬂ

52The more resources are transferred from high-skill workers to unemployed agents, the more
high-skill workers become unemployed. Hence, the level of transfers is bounded from above.
>3Note that Ag takes a value in the interval (0,1) for any R > 0 such that (c¥,y) is interior.
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Put differently, efficient redistribution always involves larger transfers to the low-
skilled workers than to the unemployed. To provide the economic intuition behind
this result, consider an initial allocation in which labor supply in both low-skill
groups is undistorted at both margins. This requires that, first, the output levels 1,
and yo satisfy hy(yi,w1) = hy(y2,w2) = 1 and, second, identical transfers are provi-
ded to the low-skill workers and the unemployed agents, c; —y; = ¢ — y2 = ¢o > 0.
Feasibility requires that these transfers are paid by the high-skill workers, i.e.,
y; —c¢; > 0 for all 5 > 3. Hence, labor supply in the high-skill groups must be
downwards distorted at the extensive margin.

Assume now that the planner reduces the consumption level ¢q of the unemployed
and increases the consumption levels ¢; and ¢y of the working poor in a budget-
balancing way, holding R constant. This has two effects on labor supply. First, some
previously unemployed agents in both low-skill groups start working, creating an
upwards distortion at the extensive margin. Initially, this only leads to a negligible
(second-order) increase in the deadweight loss, because labor supply in these groups
was undistorted before. Second, some previously unemployed agents in all high-skill
groups start working due to the reduction in ¢y. This response leads to a first-order
reduction in the deadweight loss, because labor supply was downwards distorted at
the extensive margin before and is less so now. Hence, providing larger transfers
to the low-skilled workers than to the unemployed increases extensive efficiency,
although it leads to upward distortions at the extensive margin.

Second, the first-order conditions with respect to ¢; and ¢, imply that the wor-
kers in both low-skill groups receive different transfers. It is worth noting that, if
the local 1C constraints between both low-skill groups are ignored, the problem of
efficient redistribution is structurally identical to the Ramsey problem of optimal
commodity taxation. Accordingly, equation (24]) represents an inverse elasticity
rule: The transfer to skill group j € {1,2} has to be proportional to the inverse of
the semi-elasticity 7; of participation.lf] Recall that the relative sizes of participation
responses are pinned down by Condition [I} 7; exceeds 7y in every implementable
allocation (see Lemma [2). For any R > 0, the efficient-maximizing allocation must
hence involve strictly higher transfers to the higher-skilled workers than to the lower-

skilled workers, ¢l — y& > & —yF.

Upward distortions at the intensive margin. By the previous paragraph, the
solution to the problem of efficient redistribution involves higher transfers to the

workers in skill group 2 than to the less skilled workers in group 1. This gives rise to

54 Note that the classical inverse elasticity rule is expressed in terms of standard elasticities
instead of semi-elasticities.
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the question whether the allocation defined by equation and the redistribution
constraint violates the upward IC Constraintﬁ As Lemma [7] indicates, the
answer to this question is positive whenever the skill set is sufficiently “dense”, i.e.,
the distance between skill levels w; and wy is sufficiently small.

Note that the formal derivation of this crucial result involves a non-standard
complication. In particular, the violation of the upward IC constraint cannot be
verified directly for specific skill distances, as I have not imposed any functional
form assumptions on the effort cost function h and the joint type distribution K.
The formal proof resolves this problem by studying how the participation threshold
6F is affected by variations in the skill level wy. In particular, I first investigate the
optimal relation between 6F and 6% for the limit case where wy equals w;. Second,
I show that the allocation defined by violates the upward IC constraint after a
marginal increase in wy whenever Condition [1) is satisfied.

The previous arguments have clarified that the upward IC constraint is binding
in (cf,yP) if the distance between w; and w, is small enough. Assume that this con-
dition is met. In this case, the social planner cannot set the transfers to both groups
of low-skill workers according to the inverse elasticity rule and avoid distortions
at the intensive margin at the same time. Specifically, to satisfy the inverse elasticity
rule, he has to relax the upward IC constraint by distorting labor supply ys upwards
at the intensive margin. Put differently, the planner can only increase extensive
efficiency if he reduces intensive efficiency and vice versa. This trade-off constitutes
a crucial difference between the problem of efficient redistribution studied here and
the standard Ramsey problem.

To minimize the overall deadweight loss , the planner has to implement the
allocation that equates the marginal deadweight losses from distortions at both mar-
gins, representing the optimal compromise between intensive efficiency and extensive

efficiency. Formally, the efficiency-maximizing allocation has to satisfy

f2G2(07) [hy(y5', wa) — 1]
hy(y2E7w1> - hy(yZE?(")?)

= A {771 [(51E — 5*(0.)1)] — 12 [52E - yzE + h(yf,wz)}}
> 0, (25)

where A = [f1 foG1(67)G2(65)] / [1G1(6F) + foGa(55)].

For the interpretation of this condition, consider a marginal increase in y,, which
relaxes the upward IC constraint and hence allows to raise the difference between
the transfers to the workers in skill groups 1 and 2. The left-hand side of equation
captures the induced increase in the intensive deadweight loss. In particular,

5By the previous arguments, the downward IC constraint is trivially satisfied for any R > 0.
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the term in the numerator states the difference between the marginal rate of substi-
tution hy(y2,ws) and the marginal rate of transformation 1, while the term in the
denominator quantifies the extent to which the upward IC is relaxed.

The right-hand side of captures the reduction in the extensive deadweight
loss that results from raising the difference between both transfers. In particular,
the term in brackets evaluates how much the allocation (c?,y¥) deviates from the
inverse elasticity rule . The larger this term is, the more beneficial it is to distort
Yo upwards in order to increase the difference between both transfersm

Summing up, the solution to the auxiliary problem of efficient redistribution
involves upward distortions in labor supply at both margins. Note that these insights
extend to a more general version of the efficient redistribution problem in which the
planner wants to redistribute resources to the unemployed and the workers with the
lowest k € (2,n) skill types (from all higher-skilled workers), and takes into account
the local IC constraints between all workers with skill types wy to wg. In this case, the
efficiency-maximizing allocation involves upward distortions at the extensive margin
in the skill groups 1 to k, and upward distortions at the intensive margin in the skill
groups 2 to k. As shown in Subsection [3.3] this allocation can be decentralized
through an EITC-type income tax schedule with negative participation taxes and
negative marginal taxes for low-skill workers.

Finally, it should be noted that the tradeoff between intensive and extensive
efficiency also provides the intuition for the potential optimality of an EITC in
the optimal tax problem (see Propositions (1| to . Of course, this tradeoff does
not provide a complete explanation for my results. In particular, the optimal tax
problem differs in two crucial aspects from the auxiliary problem studied above:
First, the social planner has concerns for redistribution among the poor, i.e., between
the working poor and the unemployed. Second, the planner has to take into account
all local incentive-compatibility constraints, instead of only those between low-skill
workers. Intuitively, both aspects tend to increase the optimal levels of marginal
taxes and participation taxes. Propositions [2] and [3] and their formal proofs in
Appendix[A]show, however, that an EITC with negative marginal taxes and negative
participation taxes remains optimal for all regular welfare functions that give rise
to welfare sequences in any of the sets AY, AY, etc

56Note that equation is also satisfied if the distance between both skill levels w; and ws is
above the threshold ag. In this case, allocation (c¥,yF) satisfies the inverse elasticity rule and
involves no distortion at the intensive margin. Thus, both sides of the equation equal zero.

57For the first aspect, Lemmas [5| and |§| show that upwards distortions at both margins remain
optimal if and only if the concerns for redistribution among the poor are sufficiently weak. For the
second aspect, Appendix explains why optimal labor supply in skill groups 2 to k& remains
upwards distorted for all a € AY, even if the entire set of IC constraints is taken into account.
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7 Numerical simulations

The theoretical analysis above has shown that an EITC with negative marginal
taxes and negative participation taxes at the bottom of the income distribution can
be optimal given regular welfare functions. Given its generality, this analysis cannot
provide clear insight on quantitative aspects of this result, such as the income range
on which an FITC should apply and the optimal levels of negative marginal and
participation taxes. To make progress on these quantitative questions, I calibrate
the model to match a set of empirical moments for the US economy. I use this cali-
brated model to numerically simulate the optimal income tax for specific sequences
of welfare weights. I find that an optimal EIT'C can be quantitatively large in terms
of the income range as well as the levels of (negative) marginal and participation

tax rates.

7.1 Calibration

To calibrate the model to the US economy, I target empirical estimates of the labor
supply elasticities at both margins and the income distribution among workers in the
US. This requires to impose further assumptions on the individual preferences and
the joint type distribution of skills and fixed costs of working. I focus on childless
singles in the US in order to remain consistent with the theoretical model studied
above, which does not account for labor supply decisions within families. To simplify
comparisons with the previous literature, I closely follow the calibration by |Jacquet
et al. (2013)).

First, a large literature estimates the elasticity of labor income with respect to
the retention rate 1 — T"(y) among workers. According to the survey by [Saez et al.
(2012)), the best available estimates are in the range between .12 and .4. To match

these numbers, I assume that the effort cost function is given by

N (y—)/ | (26)

140 \w

For this functional form, the elasticity of income with respect to the retention rate
is equal to parameter o for all individuals. I set o equal to .3, slightly above the
center of the range of empirical estimates %]

Second, the empirical literature consistently finds that participation elasticities

%8Recall that the quasi-linearity of the utility function assumes away income effects in labor
supply. Because empirical studies tend to find small and often insignificant income effects, this
seems to be an acceptable simplification (see also [Jacquet et al.|[2013]).
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are decreasing over the skill distribution. There is less consensus about the levels of
these elasticities, with estimates ranging from .06 to 1 (e.g., [Juhn et al.[1991} 2002,
Eissa & Hoynes (2004) and [Meghir & Phillips 2010]). Recall that the participation
elasticity in each skill group depends on the skill-specific distribution of fixed cost.
Unfortunately, there is no evidence on the shape of these fixed cost distributions
to the best of my knowledge. Given the lack of better alternatives, I calibrate the
conditional fixed cost distributions exactly as in \Jacquet et al.| (2013)).

In the first step, I specify the pattern of skill-specific participation elasticities
and employment shares to target. In particular, I assume that the participation
elasticity m; = A;(0;)(¢; — ¢o) and the employment rate L; = G;(6;) in skill group

J are given by

wj:.5—.1(ﬂ—1) and Lj=.7+.1(7—1> , (27)

Wp — W1 Wp, — W1

respectively (under the current US tax system). Hence, skill-specific participation
elasticities decrease from .5 in the lowest skill group to .4 in the highest skill group.
In contrast, skill-specific employment rates increase from .7 in the lowest skill group
to .8 in the highest skill groupﬂ

In the second step, I assume that fixed costs are distributed according to a logistic

distribution of the form

_exp (=¢; + py0)
Gi0) = 1+ exp (= + p;0)

(28)

in each skill group j. For each j € J, the parameters v; and p; are chosen to match
the levels of the participation elasticity m; and the employment share L; specified
by . Note that the functional form of ensures that the employment share
is between 0 and 1 and that labor supply responds at the extensive margin in each
skill group for any admissible tax function 7.

I calibrate the unconditional skill distribution to match the observed income
distribution in the US economy. I estimate the latter distribution based on labor
income data for childless singles at ages 25 to 60 in the March 2016 CPS.@ Using the
OECD tax database, I approximate the US income tax in 2015 for childless singles
by a linear tax function with marginal tax rate 29.3% (OECD]|2017)fT Based on

9In the calibrated model, the unconditional share of non-workers among childless singles is given
by 23.4% under the current US tax system.

69Tn particular, I compute for each worker his average income for each week in employment
according to the CPS data. To calculate an agent’s skill, I then multiply the weekly income by 52
to get individually optimal incomes conditional on working the entire year.

61The tax approximation is similar to the one in Jacquet et al.| (2013), again. It takes into
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this approximation, I can use the first-order condition of the individual optimization
program to back out the skill type of each CPS respondent with strictly positive
labor income.

I consider a discrete skill set with n = 96 skill types, where the relative distance
between each pair of adjacent skill types is equal to wji1/w; = 1.05. Compared to
most previous papers, this can be considered as a relatively fine or “dense” skill set.
The lowest and highest skill types receives wagesof w; = $129 and w,, = $13, 300 per
unit of work, corresponding to yearly incomes of $500 and $206, 942, respectively@
To obtain a smooth distribution, I estimate the share of workers in each skill group j
with a kernel density approximation of the distribution of computed skill types. This
procedure gives the conditional skill distribution among employed workers under the
2015 US tax regime. In the last step, I use the pattern of skill-specific employment
rates imposed by to compute the unconditional skill distribution among all
childless singles (workers and unemployed).

Finally, I study the optimal income tax for specific redistributive preferences
that allow to illustrate the theoretical results of this paper and to assess their quan-
titative relevanceﬁ More precisely, I construct two sequences o and o of welfare
weights that (i) are monotonically decreasing over the income distribution, (ii) are
elements of the sets A} and A}/ according to Definition (1| (where k4 and kp are
two numbers below n), and (iii) satisfy the conditions in Proposition Conse-
quently, I already know that (ii) the optimal tax involves in both cases some kind of
EITC from Proposition , and that (iii) both sequences can arise endogenously for
regular welfare functions with standard properties from Proposition [3] As Figure
in Appendix shows, both sequences give rise to only weak (or no) concerns for
redistribution among the poor, i.e., from low-income earners to even-lower-income
earners and to the unemployedﬁ It is important to emphasize that Saez (2002)
and |Jacquet et al.| (2013) focus on social objectives that imply stronger concerns for

redistribution among the poor, in Contrast.ﬁ

account central and (average) state income taxes as well as employee social security contributions
(OECD| 2017} see also http://www.oecd.org/tax/tax-policy/tax-database.htm). Note that this
linear tax underestimates the marginal tax wedge for high-income earners to some extent.

62In the March 2016 CPS, the computed skill of about .1% single workers is below w;, while the
computed skill of about 1.3% single workers is above w,.

63For this purpose, I set the exogenous revenue requirement to 0 as imposed by . Hence, 1
assume that the government uses income taxation for redistributive purposes only.

64The differences between a* and o are explained in Subsection [7.2] below.

63Jacquet et al. (2013) consider Utilitarian (Benthamite) social preferences with a constant
curvature in individual utilities, which translates into equally strong concerns for redistribution over
the entire income distribution. [Saez| (2002)) considers marginal welfare weights that are decreasing
and strictly convex, so that redistributive concerns among low-income earners are stronger than
among medium- or high-income earners.
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7.2 Simulation results

In the following, I provide the simulation results for the social weight sequences o

and aP. These sequences are constructed to provide insights on two quantitative
aspects of my theoretical results. First, which levels of negative marginal taxes and
negative participation taxes can be optimal, given well-behaved social preferences?
Second, on which income ranges can the optimal marginal taxes be negative, i.e.,
which phase-in ranges can be optimal?

To answer the first question, I consider weight sequence a?, which associates
identical welfare weights to all workers with incomes in the phase-in range of the 2015
FEITC for childless workers, i.e., with incomes below $6.580@ Sequence a” hence
assumes away concerns for redistribution among the working poor. By Proposition
2 this ensures the optimality of negative marginal taxes at low incomes.

To answer the second question, I exploit that Proposition [3| provides sufficient
conditions for the optimality of negative marginal taxes under reqular welfare functi-

B 50 to maximize the

ons with standard properties. I construct weight sequence «a
phase-in range, i.e., the income range with negative marginal taxes. The resulting
sequence implies very small concerns for redistribution among the low-skill workers
with incomes up to the endpoint of the phase-in rangem

Figure [2| on the next page illustrates the simulation results for weight sequences
a? and of by depicting the optimal participation taxes T4 (y) = Ta(y) — Ta(0)
and T} (y) = Ts(y) — T(0) for annual incomes below $50,000. It proves helpful to
compare the simulation results with the properties of the US income tax system as
a benchmark (red dotted line in Figure . In 2015, childless singles were eligible
for the EITC if their earned income was below $14,820. The marginal income tax
for this group was —7.65% for incomes below $6.580 (phase-in range) and +7.65%
for incomes between $8.240 and $14.820 (phase-out range). Workers with incomes
between $6.580 and $8.240 received the maximum tax credit of $503 /5

First, the optimal income tax for weight sequence a? involves an EITC with

66Tn particular, I set weight aj‘ = 1.05 for all skill groups j < 41 (under laissez-faire, the income
of workers in skill group 41 is equal to $7.014). The weights of all higher skill groups are set to
ensure that a” is an element of AY] (see Definition . For further details, see Appendix

67More precisely, Proposition implicitly defines the highest skill group k € J for which, given a
reqular welfare function, labor supply may be upwards distorted at the intensive margin. Sequence
aP is hence constructed to be an element of the set A,ZJB with kp = k, ensuring negative marginal
taxes for the workers in skill groups 2 to k. The exact construction of sequences a* and a® is
explained more formally in Appendix

68Note that, in the phase-in region, the EITC rate exactly offsets the marginal social security
contributions (employee share). EITC rates and payments are larger for single parents and married
couples with children. Maag et al.|(2012) show that, for these groups, effective marginal taxes are
around —20% in some US states and strictly positive in other states if transfer programs such as
TANF and SNAP are taken into account.
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Figure 2: Optimal participation tax functions T4 and T
negative marginal taxes for all income levels up to yi, = $8,485, and negative

participation taxes for all incomes up to yZ, = $21,970 (see solid blue line in Figure
. In the calibrated model, 14.3% of all childless singles benefit from the optimal
EITC, and 18.1% of these recipients have incomes in the phase-in range. The share
of non-working agents is reduced to 12.9%.

For the optimal income tax function, the maximum tax credit is given by $1, 383
and reached at income level $8,485. For comparison, the optimal unemployment
benefit is given by ¢ = $3,019. The ratio T4 (y)/y of optimal participation taxes
to pre-tax incomes, which is sometimes referred to as the participation tax rate, is
around —60% for very low incomes such as yi' = $555.|ﬂ The ratio subsequently
diminishes to levels around —16% at the phase-in endpoint. As in any optimal tax
model with a discrete skill set, marginal taxes can be measured in two alternative
ways. On the one hand, the average marginal tax in the phase-in range is equal to
—13,2%. Between income levels yit = $1,365 and yiy = $1,455, it even decreases
to —16.2%. On the other hand, the implicit marginal taxes are between —4.3% and
—2% in the middle of the phase-in range, and between —1% and 0 close to both ends
of the phase-in range.m In the phase-out range, the average marginal tax is given
by 9.5%, while implicit marginal taxes are equal to zero. Hence, labor supply in
skill groups {2, ...,44} is upwards distorted at the extensive margin (substantially)

and at the intensive margin (somewhat less).m

69As visible from Figure [2| these large negative participation taxes suggest that the optimal
income tax may fall discontinuously at zero, in line with the results of |Jacquet et al.| (2013).

The average marginal tax between incomes y;, and y; is computed as [T(yx) — T(y;)]/
(yx — y;), while the implicit marginal tax at income y; is given by 1 — hy(y;,w;).

"'In the optimal allocation, all local upward IC constraints between skill groups 1 and 44 are
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B involves negative mar-

Second, the optimal income tax for weight sequence «
ginal taxes over a much larger income range, with the phase-in endpoint given by
y5 = $15,016 (see dashed green line in Figure E The optimal participation taxes
are even negative up to the income level y2 = $32,144. In the calibrated model,
the recipients of the optimal EITC account for about 27.7% of all childless singles,
among whom 26% have incomes in the phase-in region. The share of unemployed
agents falls to 12, 4%.

Regarding the details of the optimal tax function, the maximum tax credit is
given by $1.717, while the optimal unemployment benefit ¢ is equal to $2,281.
The participation tax rate is between —10% and —11.5% at all income levels in the
phase-in range. The average marginal tax rate in the phase-in range is equal to
—11.5%, while the implicit marginal tax is negative but close to zero at any income
level in this range. Finally, the average marginal tax in the phase-out range is given
by 9, 7%, while implicit marginal taxes are zero at all income levels above y%m The
optimal marginal and participation tax rates are hence smaller in magnitudes for
weight sequence ap than for sequence a4, while the phase-in range, the EITC range
and the maximum tax credit are larger.

Summing up, the numerical simulations show that the effects of the mechanism
studied in this paper - the tradeoff between intensive efficiency and extensive ef-
ficiency - are not only qualitatively, but also quantitatively important. When the
concerns for redistribution among the poor are weak (as implied by the weight
sequences o and a®), the optimal EITC may cover a larger income range and
feature a larger maximum credit than the current US scheme for childless workers.
Moreover, optimal marginal taxes and optimal participation taxes are more negative
(larger in absolute terms) than under the EITC for childless workers in the USE

Based on these results, two further conclusions can be drawn. First, the reported
results imply that one could find another monotonically decreasing sequence of wel-
fare weights for which the optimal income tax is a close approximation of the current
EITC for childless singles in the US. Put differently, if one would seek to back out

the implicit welfare weights of the US government in an inverse optimum exercise

binding, while all local IC constraints between skill groups 44 and 96 are non-binding (the associated
Lagrange parameters are zero).

"2Hence, the highest skill group for which the optimal allocation can involve upward distortions
at the intensive margin is given by skill group k& = 53 (given the joint type distribution in the
calibrated model). Put differently, I find that regular welfare functions cannot give rise to weight
sequences in set .A,ICJ for any k > 53.

3 Again, all local upwards IC constraints between skill groups 1 and 53 are binding in the optimal
allocation, while all local IC constraints between skill groups 53 and 96 are non-binding.

T Unreported robustness checks show that these general insights do not depend on the details of
the calibration.
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as in [Jacobs et al. (2017) or Lockwood (2017)), the estimated welfare weights would
have arguably reasonable properties. Second, it even seems possible to rationalize
the recent proposals to strongly expand the EITC for childless workers based on
a well-behaved welfare function with standard properties, and without reference to

behavioral anomalies or paternalistic arguments (for example, see Executive Office
2014 and House Budget Committee 2014)).

8 Conclusion

The paper has studied optimal income taxation in an empirically plausible model
with labor supply responses at the intensive margin and at the extensive margin.
Using a novel modeling strategy, it is the first paper to provide sufficient conditions
for the optimality of an Earned Income Tax Credit with negative marginal taxes
and negative participation taxes at low income levels in such a model. In particular,
the optimal income tax is given by an EITC' if society has strong concerns for
redistribution from the rich to the poor, but only weak concerns for redistribution
from the poor to the very poor. As shown above, this result is driven by a trade-
off between labor supply distortions at the intensive margin and at the extensive
margin, which has not been discussed in the previous literature.

Importantly, the paper has shown that an FIT'C' can be optimal although society
considers the unemployed more deserving than the working poor, and the working
poor more deserving than medium-income and high-income earners. It has repea-
tedly been argued that society might, in contrast, consider the working poor more
deserving than the unemployed (for example, see the arguments in Beaudry et al.
2009| and |Saez & Stantcheval 2016]). As a result of the trade-off between distorti-
ons at both margins, redistributive preferences of this kind would not only make a
stronger case for negative participation taxes, but also for negative marginal taxes.
Hence, the results of this paper would even be reinforced.

Finally, while the paper has confirmed the conjecture of [Saez (2002) that an EITC
can be optimal when labor supply responds at the intensive and extensive margins,
it has abstracted from several aspects that could further increase the desirability of
such in-work benefit schemes. For example, an FITC might have additional benefits
if there is learning on the job (Best & Kleven|2013) or if the agents fail to maximize
their own well-being due to a presence bias (Lockwood|2017)). For future research, it
seems worthwhile to investigate the interaction of these non-standard aspects with

the mechanism studied in this paper.
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Appendix

A  Proofs

Proof of Lemma (1]

Proof. Using equation (|1), incentive compatibility requires that, for all pairs of (w,d) and
(W, ¢ in Q x A,

c(w,8) = hy(w,8),w] — Lywsso 0 > c(w',6) —h[y(w,§),w] — Lyw.s=0 0 -

To satisfy these constraints, first, all pairs of agents with types (wj,d) and (wj,d’) who
provide strictly positive output must receive the same gross (of fixed costs) utility c(w;, §)—
hly(wj,d),w;] = z;. Second, all agents with types (w,d) and (w’,d’) who provide zero
output must receive the same consumption ¢(w,d) = ¢(w’,8") = ¢o. Third, an allocation
can only be incentive-compatible if each agent with skill type w; and fixed cost type below
(above) 0; = z; — ¢p provides positive output (zero output).

Second-best Pareto efficiency requires, moreover, that all agents with skill type w;
and fixed cost type below §; receive the same bundle (c;,y;). By the strict convexity of
effort cost function h, there is a unique bundle (cj,y;) that minimizes the net transfer
¢ — y, subject to ¢ — h(y,w;) = z; and to the IC constraints along the skill dimension,
2z > ¢ — h(y,wy), for all k # j. Assume there is an initial allocation in which some agent
with type (wj,d) receives bundle (¢,y) # (¢j,y;) with ¥ > 0. Changing his allocation
to (¢j,y;) allows to save resources without changing his utility level, and to redistribute
these resources lump-sum to all agents in the economy. Hence, the initial allocation with

(c,y') # (c¢j,y;) was not Pareto efficient. O

Proof of Lemma [2

Proof. In every implementable allocation, the downward IC constraint between the wor-

kers with skill types w; and w;1 is satisfied, i.e.,

cit1 —h (Yj+1,wjt1) > ¢ — h(yj,wjt1)

< 5j+1 - 5j > h(l/ij) - h(ijwjﬂ) . (29)

By hy(y,w) < 0, this implies that 6.1 > ;. Parts (i) and of Condition [1| ensure that
3

ni(ey) = G5 > S > EAE =) 2
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Proof of Lemma [3

Proof. Fix some implementable allocation (¢, y) with skill-specific participation thresholds
d; = ¢ — hyj,wj) — co and 61 = cj41 — h(Yj4+1,wj+1) — Co, respectively. Assume now
that the social planner provides an additional, uniform transfer ¢’ > 0 to the workers in

both skill groups. Then, the ratio of relative participation responses is given by

9i(6; + ) Git1(dj1 + )
Gj(d5+¢) gim(dj+¢)

Mjj+1(05, 0541, ¢) =
The partial derivative of 7; j+1(0;, 041, ¢’) with respect to ¢ is given by

Ny
Nj+1

oc 0651 96—

j+1

= [(a5005 +¢) = A4j(6; + ) = (a41(0541 + ¢) = Aj31(dj41 + )] Djj1 -

onjj+1 [6773' 1 onj+1

Setting ¢ = 0, the elasticity of 7; j+1(0;,dj41,¢) with respect to ¢’ follows as

M1 1
Ehe = —2b —— = a;(8;) — a1 (8511) — Aj(55) + Ajra(6541) -
oc M+
Under Condition |2} the last expression is bounded from below by — [A4;(d;) — Aj+1(0j41)]
=MNj+1 — 1N < 0 and from above by Aj((Sj) — Aj+1(5j+1) =1 — Nj+1 > 0. ]

Proof of Lemma [4l

Proof. For part il consider some implementable allocation (¢, y) and some working agent i
with w! = w; and 5 < ;. Assume as usual that the tax function 7' is linear at income level
yy(wj), which is defined by hy(y}-(w;),w;) =1 —T" (y5(w;)). For this agent, the elasticity

of income yr(w', §") with respect to the retention rate r = 1 — 7" (y5(w;)) is given by

N Cl) R 1 hy (Y (w)), wj)
v o yp(wi)  hyy(yp(ws),wi)  yplwy)

which is weakly below some p1 € (0,00) for all w; € Q and r > 0 by Condition [3] ().
For part [iif consider the same allocation (c,y) and agent i. The elasticity of income

with respect to his skill level w; is given by

. _Oyp(wi)  w hye(yp(ws) wi)  w;
. ow  ypwj)  hyy(yr(w))wi) yr(w;)

)

which is weakly above some ps € (0,00) for all w; € 2 and r > 0 by Condition . O

Proof of Lemma [5

The proof of Lemma [f consists of three steps. I start with two preliminary Lemmas.
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Lemma 8. Consider the relazed problem formally defined in section[5.1 For any o € A
such that an solution (™, y*f) with 5;-“% € (é, 5) forall j € J exists, it satisfies conditions

@3). {8 and (D).

Proof. Assume that the relaxed problem has a solution for social weights «. First,
(™R, y2) must be Pareto-efficient in the set of allocations that are feasible and satisfy
the IC constraints and . Second, the statements in [I| must be true for (c®%, y*f)
because its proof only uses the IC constraints and . Consequently, the Lagrangian

of the relaxed problem can be written as

n 5 5
£= 5 000wl —huyw) = d5+ [ 0.5V 6)
j=1 2 i
+A [Z fiGi(05)(y; — ¢j +co) —co
j=1
where §; = ¢j — h(yj,w;j) — co and A is the Lagrange parameter associated with the

feasibility condition. Replacing the average weights &; and &g as defined in @ and
by the exogenous numbers «; and «y, the first-order conditions of this problem are given
by

‘ch :fj [G] (5aR) ( )‘) + )\g] (5QR)( aR C;XR + CS‘R)] 0
Ly =3 [=h (w5 ™) (G307 Mg + AgsOF 05T = 57+ ™) + 2G5 =0
Z i [( 50‘R))ao +AG;(09T) — Agj (697 (5T — 0T 4§ — 1} 1o

Equation follows from combining the first-order conditions with respect to ¢; and y;.

Combining the FOCs with respect to ¢; for all j € J and ¢g gives

n

A=) fj [GJ‘@?R)% + (1 - Gj(fsz))aO} =am =1,

=1

where the average weight ajs is normalized to 1 for all & € A. Using A = 1 and ¢; =

d; + h(y;,wj) + co, the FOC with respect to ¢; can be rewritten as

aR aR aR Gj (6JO[R)
67 =yt + h(y T wy) = W(aj —1). (30)

95 j )
As A;(0) = (g;jj((?) and 6*(w;) = maxy>0 {y —h(y,w;)} = yj — h(y§"*, w;), this is identical
to equation . Finally, equation ([17]) follows from substltutmg 6]0.‘R — h(y;?R,wj) =
—CJO-‘R + ¢ into the feasibility condition. O

Lemma 9. There is a number x € (1,2] such that, if a; < x for all j € J, the relaxed
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optimal tax problem has a unique solution with 5;”% € (é, 5) forall j € J.

Proof. As shown above, the FOC with respect to ¢; is identical to
ki (057, o) = G(057) (@ — 1) + ¢;(577) (6% (wy) — 057) = 0, (31)

for every j € J. Hence, the relaxed problem has a unique interior extremum for « if and
only if k;(9, oj) has a unique root in § with § € (é, 5). First, k; is continuous in «; and
for all § € (é, 5). Second, k;(d,a;) > 0 for any o > 0 because 6*(w;) > 6*(w1) > ¢ for all
j€J by and the properties of h. Third, the derivative of k; with respect to ¢; (or its

first argument) is given by

kjg(0, 05) = g;(0) (e — 2) + g5(8) (0" (wj) — 9) -
If k£ has a root at ¢, this derivative has to be equal to

kjs(&',05) = G;(8') [A;(0") (a — 2) — a;(')(a; = 1)]

where A;(0) = % and a;(0) = %. Part (i) of Conditionensures that A;(5) > a;(9)

for all 6 € A and all j € J. This implies that k;z(c;,d") is negative if
A4;(d")

. ! —
Qaj < XJ((S) =1+ A]’((S/) _ aj(5/) )

and that X; (0') > 1 for all ¢ € A and all j € J. Define x; as the minimum of X; (0") over
d e (Q,S ] By assumption, g;(d) is larger than some number g > 0 for all § € A and
g;-(é) < 0 for some 6 € A. By the first property, x; is bounded away from 1 for all j € J.
By the second property, x; < 2 for all j € J. Consequently, k;(9, oj) has at most one root
in § if a; < x;. If this root exists, it constitutes a maximum because k;z(0, ;) < 0.

The existence of a root is ensured if, additionally, k; (6, a;) < 0, which is ensured for
aj < Xj = 1+ g;(6) (6 — 6*(w;)). Note that X; > 1forall j € J by ([2). Let x be given by
the minimum of x; and X;' over all j € J. By the construction of y, the relaxed problem

has a unique interior extremum for a if o; < x for all j € J. O

Lemma [5] follows as a corollary from the Lemmas [§ and [0 using the definitions of
labor supply distortions at both margins provided in Section In particular, equation
implies that labor supply is undistorted at the intensive margin in all skill groups.
Equation ((16)) implies that labor supply is downwards (upwards) distorted at the extensive

margin in skill group j € J if and only if «; is below (above) 1.

Proof of Lemma

Lemma [6] is proven through Lemmas [I0] to
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Lemma 10. For every j € J and every a € AX, 5§YR is strictly increasing in o;.

Proof. Threshold 5?R is implicitly defined by condition in Lemma Using the

implicit function theorem, its derivative with respect to «; is given by

déjo-‘R _ Aj(dj-“R)_l _ 1 (32)
a;j(8%7) (2 — aj)A;(097) — (1 — j)a;(69F)’
1+(1aj)(1A]j(6%R)) J7ERN AN

dOéj

where the numerator equals —k; (o, 6;?‘1%) / Gj(SJC»“R) > 0 (see proof of Lemma EI) Hence,

the derivative is strictly positive for all o; < x. O
Lemma 11. For any skill group j € J_p, if aj = aj11 =

(i) the difference 6;?‘51 — 6;-"R is strictly increasing in o for all &/ € (0,x) such that the

downward IC constraint between skill groups j and j + 1 is satisfied;

(ii) (c*f y*F) satisfies the downward IC constraint between skill groups j and j+1
for all & € [1,x);

(iii) (B, y*F) satisfies the upward IC constraint between skill groups j and j + 1,

Ojr1 — 05 < h(yj11,w5) — h(yje1, wiv1) (33)
for all o/ €10,1].

Proof. (i) Using (32), the derivative of (5?3?1 — (5]0-‘R with respect to a; = ajp1 = o is

strictly positive if

(2—a') [A4;(657) = A1 (055)] > (1= o) [a;(637) — a1 (555)] . (34)

In all allocations that satisfy the downward IC constraint, 63?‘f1 > 5}“’3. By Conditions
and we hence have Aj(cs]o-‘R) - Aj+1(53?‘fl) > 0 and aj(df‘R) - aj+1(5§”fl) > 0.
Because x € (1,2], this directly implies that inequality is satisfied for any
o' €[1,x). Moreover, Conditionensures that aj(djo-‘R) - aj+1((5jo-‘f1) <2 [Aj (5}"1%)—
Ajﬂ(dj‘-“fl)] Hence, inequality is also satisfied for the alternative case o/ €
(0,1), where (2—a/)/(1 —a') > 2.

(ii) For aj = 1, 60 = §*(wy) for k € {j,7 + 1}. Inserting these into the downward IC

constrait (29)) and rearranging terms gives

aR

0" (wj1) = y?fl —h (y?f17wj+1) = y?R —h (" win)

which holds with strict inequality by the single-crossing property. The left-hand side

of is given by (5?}?1 — (5J0-‘R, which is strictly increasing in o/ by part , while the
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right-hand side is constant. Hence, the downward IC constraint is satisfied for all
o > 1.

(iii) For a;; = 1, inserting 62 = 6*(wy,) for k € {4,j + 1} into the upward IC constraint
gives y;-"fl —h (yjo-‘fl,wj> < 0%(wj) = maxyso{y — h(y,w;)}, which is again
satisfied with strict inequality. As the left-hand side of is strictly increasing in
o/, the upward IC is satisfied for all o/ < 1 such that the downward IC is satisfied.
As the downward and upward IC constraints cannot be violated at the same time,
the upward IC constrained is also satisfied for all other o/ < 1.

O

Lemma 12. Consider the downward IC constraint between the workers with skill
types w; and wjy1 = a;w;j for some j € J_,. Define a? as the supremum of the set of
real numbers a’ > 1 such that, given a; = aj41 =0, (R y*) violates the downward IC

constraint for all aj € (1,d’).
(i) If Condition is satisfied, a? > 1 exists.

(ii) Let aj = ajp1 = o', For each aj € (1,a9), there exists a unique number @j € (0,1)
such that (ca, ya) violates the downward IC constraint if and only if o < gj.

Proof. (i) In the limit case a; = 1, the downward IC constraint simplifies to 53?‘_51 -
527 > 0. By (16)0p" is implicitly defined by ﬁ?}%) + 608 = §*(wy,) for o/ =0
and any k € J. For a; = 1, we have 6*(wj11) = 6*(w;). By Condition [1] (i),
A;(0) > Aj11(0). Hence, there are two possible cases. First, if A; (6;?‘R) > Aj (6]0-‘R),
we have 5]0-‘f1 < 6]9‘3. Hence, the downward IC constraint is violated for o/ = 0 and
a = 1. Second, if A; (5]9‘R) = Aj+1(5]9‘R), we have 6]0-‘51 = 5;?‘R. Hence, the downward
IC constraint is satisfied with equality for o/ =0 and a = 1.
To consider the general case a; > 1, I compare the derivatives of both sides of

with respect to a; at a; = 1. The derivative of the left-hand side is given by

dé* (wjt1) d[yqf1_h(yo"f1’wjaj)] . aR .
daj- o ’ da; N wjhe Yj+1, Wi <0
9 _ a;+1(09F) 9 _ aj1(55F) 9_ a;j+1(55f%) ’
Aj+1(855) Aj1(655) Aj1(579)

where the term in the denominator is strictly larger than 1 because a;4+1(8) < A;41(9)
for all 6 € A by Condition . The derivative of the right-hand side is given by
—wjhy, (yj'?‘R,wja) > 0, which is strictly larger than the derivative of the left-hand
side. Hence, the downward IC constraint is unambiguously violated for o; = aj 41 =
0 and all a; between 1 and some number ¢’ > 1. The supremum a? is hence well-

defined, and may either be given by a finite number or by oo.

ii) For any a; € (1,a%), the right-hand side of (29) is independent of /. The left-hand
J J

side 5?‘}31 — 5?‘3 is small enough to violate the downward IC constraint for o/ = 0 by
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part , and large enough to satisfy this constraint with strict inequality for o/ = 1
by Lemma . By Lemma , 5;‘51 — (5;?‘R is strictly increasing in o’ for all
levels of o’ such that is satisfied. Consequently, there exists a unique threshold
ﬁj € (0,1) such that the downward IC constraint is violated for all o/ € [0, éj) and

satisfied for all o’ € [ﬁj, X)-
O

Lemma 13. Consider the upward IC constraint between the workers with skill types

wj and wjy1 = ajw; for some j € J_,. Define a;('y) as the supremum of the set of real

numbers a’ > 1 such that, given aj = oy =y > 1, (™R y*B) wiolates the upward IC

constraint for all aj € (1,d’).

(i) If Condition is satisfied, aj(7y) exists for all v € (1, x).

(1t) Let o = ajy1 = . For each v € (1,x) and each a € (1,a;(7)>, there ezists a
unique number Bj € (1,7) such that (ca,ya) violates the upward IC constraint if and
only if &/ € (B, x)-

Proof. (i) Fix a number v € (1, x). In the limit case a; = 1, the upward IC constraint
simplifies to 5?51 — 530»‘R < 0. For aj = ajy1 = v > 1, 5,?R is implicitly defined
by ﬁ% + 608 = §*(wy) for k € {j,j+1}. For a = 1, §*(wj) = 6*(wj11). By
Condition [1] (i), 4,(8) > A;4+1(0) for all 6 € A. Again, there are two possible cases.
First, if A; (6}”?) > Aj+1(6]°~‘R), we have 5;‘_51 > 539‘3‘ so that is violated. Second,
if Aj(5jq‘R) = Aj+1(5§“R), we have 6;?‘_51 = (5]9‘R so that is satisfied with strict
equality.

To consider the general case a; > 1, I again compare the derivatives of both sides of
in a;, given a fixed . The derivative of the left-hand side is given by

R
—Wihe (?/}"Ha aj%‘)

a;j11(698)
oo o 25)

Jj+1

>0,

where the term in the denominator is strictly positive for any v < x and strictly
smaller than 1 by Condition for all v > 1. The derivative of the right-hand side

is given by

dyslt
R R R +1
—wjhe, (y?+1’ajwj) + [h(y?+1awj) - h(yﬁl’%‘%)] ; >0
J

At a; = 1, the term in squared brackets equals zero. Hence, the derivative of the
left-hand side is strictly larger than the derivative of the right-hand side of .
Thus, the upward CI constraint is violated for a; = aj41 = v > 1 and all a; between
1 and some number a’ > 1. The supremum a%(v) is hence well-defined, and may

J
either be given by some finite number above 1 or by oco.
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(ii) Fix any v € (1,x). If a; € (1,@}‘(7)), the difference 53?‘_51 - 53?“R is large enough
to violate for @/ = v and small enough to satisfy for o/ = 1. Moreover,
6] T 5jo»‘R is strictly increasing in o for all &/ > 1 by Lemma and .
Consequently, there exists a unique threshold ; € (1,+) such that the downward IC
constraint is violated for all o’ € (5}, x), and satisfied for all o/ € [0, 3;].

O

Lemma 14. Consider any j € J_,. If a; < a , there is a continuously differentiable and
strictly increasing function BJD [0, x] — (0, %) such that (c®%, y*F) satisfies the downward

IC constraint if and only if oj1 > /BJD(aj). Function BJD has a unique fized point at

P (3.
éj € (0,1), where ila(f) <1

; is defined in Lemma
(i). Hence, there is a number ﬁj € (0,1) such that (c*F,y*F) satisfies the downward IC

constraint if j = ajp1 > éj’ and violates if aj = a1 < éj. Recall that 5,2‘3
is strictly increasing in «y for each k& € J and each oy € [0, x) by Lemma and that

Proof. Consider some j € J_,, and some a; € <l,ag>, where a?

changes in o and a1 only affect the left-hand side of the downward IC (29)).

First, fix some a; = x € (éj,x). For aj11 = é the difference (5]+1 65"]? is smaller
than for o = a1 = B , and (| is violated. For aj41 = a; = z, in contrast, is
satisfied by Lemma As sk 7 is increasing in aj11, there is a unique number BP(z) €
(8, ) such that is satisfied for all a1 > ﬁj (x), and violated for all aj41 < ﬁ]D(a:).

Second, fix some a; = x € [0, ,ﬁj). For aj11 = B3, the difference 5?51 — 6JC~“R is larger
than for o; = ajp1 = ﬁj so that is satisfied. For aj;y1 = z, in contrast, is
violated by Lemma By the monotonicity of ,B;“fl in a1, there is a unique number
B]D(x) € (x,ﬁj.) such that is satisfied if aj 41 > B]D(x), and violated if ;11 < ﬁjp(:v).
This also implies that Hence, 37 (z) € (0, x) for all z € [0, x).

To prove that 6;-) is continuously differentiable and strictly increasing, note that BJD (a)

is implicitly defined by

5 (87 () — 657 () = h (5, wj) — h (45, wj) - (35)

The right-hand side of this equation is constant in «; and «;i1. The left-hand side is
continuously differentiable and monotonic in both weights as long as these are below x.
Hence, BJD is continuously differentiable in «;. Using the implicit function theorem, the

derivative is given by

A5 (o)
dOéj N dd]a-ﬁ(ﬁjp(aj)) ’
daji1

where the numerator and the denominator are strictly positive by Lemma

Finally, we know from Lemmathat 5D has a unique fixed point at ﬁ < 1 whenever
( > As the downward IC constraint is satisfied at this fixed point, Lemma I .
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By (é)

dssR (B, s
8) < 1(5). Hence, o, < 1. O

J
da da

ensures that

Lemma 15. Consider any j € J_n. If aj < aj(y) for some v € (1,x), there is a
continuously differentiable and strictly increasing function ﬂjU :[0,x) = (0, xn) such that

(c*B, y2R) wviolates the upward IC constraint if and only if ajiq1 > 5?(%’)- Function ﬂ]U
_ U
has a unique fized point at B; € (1,x), where d( ) <1

Proof. The proof of Lemma 15 follows the same steps as the proof of Lemmal[l4] Consider
some j € J_, and some a; between 1 and the treshold a;f(v) for some v € (1, x), as defined
in Lemma [13| (). Hence, there is a number 3; € (1,7) such that (c®f,y*%) satisfies the
upward IC constraint if o = o1 > Bj, and violates if oj = 1 < Bj.

First, fix some oj =z € (Bj, X)- The upward IC constraint is satisfied for aj41 = Bj,
and violated aj41 = = by Lemma By the monotonicity of §¢% 741 In ogg, there is a
unique number Y (z) € (Bj, :z) such that is satisfied if aj4q < Bj (x), and violated if
aji1 > BY (x).

Second, fix some o = € [O, BJ) The upward IC constraint is violated for aj11 = Bj,
and satisfied for aj 1 = z by Lemma Hence, there is a unique number ﬂ]U(:c) € (z, B;)
such that is satisfied if aj 41 < ﬁjU(x) and violated if a1 > B]U(x) Hence, we also
have 8Y (z) € (0,x) for all z € [0, x).

For each o € [0, x), ﬂ (o) is implicitly defined by

320 (BY () = 687 (o) = h (5 wy) — 1 (95 wis) (37)

where the left-hand side is continuously differentiable and monotonic in a;; and a;41, and
the right-hand side is constant in both social weights. Using the implicit function theorem,

the derivative of BJU with respect to «; is given by

dsef(ay)
Clﬁ]U(OZJ> _ Jdaj >0 (38)
doy | R (@(ay)
dogjq1

where the numerator and the denominator are strictly positive by Lemma [I0} This deri-
vative is continuous and strictly positive for all a; € [0, x).
Finally, Lemma |13| implies that ﬁ]U has a unique fixed point at 8; € (1,%) whenever
€ <1, ajU( )) for some v € (1,x). At this fixed point, the downward IC constraint is

QR(/B]) 525 (B5) (Bg)
satisfied and o < . by Lemma (11 . Consequently, < 1. O

daji

Finally, this allows us to prove Lemma [6]

Proof. Define aj = sup{ Yy) |y e (1,x) } For all a; < min {ag), a?s}, Lemmasand
directly ensure the existence of two functions BJD and B]U with the properties stated in

Lemma [6
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It only remains to prove that ﬁjU(aj) > BJ-D(aj) for all o; € [0,x). Note that
h (yjo-fl, wj> —h (yjoffl, wj+1> > h (yJOfR, wj> —h (y]qu’ wj+1> by the properties of the effort
cost function h. Hence, equations and imply that 5;?‘_51 (,BJU(SC)) > 5?_51 (,BJD (x))
Because 5]9‘5”1 is strictly increasing in a;4; by Lemma we have 53[](33) > (5]1-) (x) for all
z € [0,X). O

Proof of Proposition

I prove Proposition [1| through Lemmas [16| to which identify properties of the optimal
allocation (¢, y®) for different sets of binding IC constraints along the skill dimension. To
refer to these different constellations, I will henceforth say that two skill groups j and k
are downwards-linked (upwards-linked) if all downward (upward) IC constraints between
the pairs (5,7 + 1), ..., (k — 1, k) are binding.

Lemma 16. For each j € J, output y5' and participation threshold 5J°-‘ satisfy the conditions

a;j—1 vl =PV b
(Sq = ya_hya,w —+ J = —+ J J o‘zj J , 39
! 5~ 4;(55) £i9(85) (39)
hy(yj,w;j) — hy(yj, wit1) hy (Y5, wj-1) = hy(yj,w))
1_h i . — Y\JJ] J Y\JJ] J D_ Y\JJj J Y\Jgj J U 40
y(yjaw]) f]G]((Sja) V] f]G]((sJa) V]fl 7( )

where I/IJCJ and l/]g denote the Lagrange multipliers associated with the downward IC
and the upward IC , respectively, between the workers with skill types wy and wg1.

Proof. The Lagrangian of the optimal tax problem is given by
5

n 5
£= 2 5( [ 0o —hw) = ads+ [ 0.0 u) ds)

d;

+A [Z [iG3(85)(yj — ¢j + co) — co

j=1
n—1

+ Y vl [eje1 = hyian,win) — ¢ + h(yj,wis1)]
7j=1
n—1

+ > v g = hlyj,wi) — ¢ + by, wj)] -
j=1

For any j € {2,...,n — 1}, the FOCs with respect to ¢; and y; are given by:

|
Lo, =f; [G(07) (05 = X) + Agi (O (@ — ¢ + )] + w70 — v —vj g +v] =0
L, =f; {—hy(y?,wg‘) (Gj((s?)aj +Ag; (07)(y5 — < + Cg)) + AGj(é}l)]
!
= (2 + ) by (w5t wy) + v hy (U5 wiia) + v by (95 wie1) =0
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The FOC with respect to ¢ is identical to the one for the relaxed problem (see Lemma
. Combining the FOCs with respect to ¢; for all j € {0,1,...,n} gives A = 1. Equation
then follows from rearranging the FOC with respect to ¢;. Combining the FOCs with
respect c¢; and y; gives equation (40)).

Below, I will exploit that, setting I/JU = VjD =0, Lemma also provides the conditions
for the solution to a relaxed problem that ignores the local IC constraints between the

workers with skill types j and j + 1. O

Lemma 17. For any o € AX, if k is the lowest skill group that is upwards-linked with
>k, then

(i) ax > 1,
(ii) 6F >y — h(y§,w;) for all j € {k,... 1}, and
(1it) a; > 1 forall j € {1,...,1}.

Proof. For part [i note first that £ and [ > k cannot be upwards-linked unless either
a1 > ozj(ﬁ]U) for at least one j € {k,...,l — 1} or the downward IC between [ and [ + 1
is binding, I/lD > 0. Assume both conditions would be violated, and consider a relaxed
problem where all local ICs between k and [ are ignored. In the solution to this problem,
5 > 00R 5, = 6]9‘R forall j € {k+1,...,l} and y; = yJO.‘R for all j € {k,...,l}. Hence,
the solution to this relaxed problem satisfies all upward IC constraints between k and [.
Consequently, these upward IC constraints cannot be binding in (¢%, y®).

Second, assume that there is a skill group j € {k,...,l — 1} such that a; 1 > aj(ﬂjU).
By Lemma@ o > Bj > 1. For the monotonicity of a € A, this ensures that ag > 1.

Third, assume that the upward IC between [ — 1 and [ as well as the downward IC
between [ and [+1 are binding and that a1 < o (BJU) for all j € {k,...,l —1}. Consider
a relaxed problem where only the local ICs between skill groups [ — 1 and [ are ignored.
In the solution to this relaxed problem, the downward IC between [ and [ + 1 has to
be binding as well. From Lemma the solution of this problem satisfies y;_1 = ylo‘_Rl,
6-1 = 0"(wi—1) + (-1 — 1)/A1-1(8-1) and & < yr — by, wi) + (au — 1)/Ai(61). By

ap < ay_1, this allocation has to satisfy

1 _ 1
Ai(6)  Aim1(61-1)

o —0—1 < ( ) (g1 —1)+y — by, wy) — 6" (wi—1)

The allocation only violates the upward IC constraint if 6 — 011 > h(y,wi—1) —

h(yi,wy). Hence, this can only result if

1 1
- 1—1 S (wr1) — [ — h(v*F  wi_ >0
(Az(éﬁp> Al_1<5ﬁ_ﬁ>> (11 = 1) > 87rm) = [of — -] 2 0.

where the last inequality follows by the definition of 6*(w;—1). Recall that A4;(6*F) <
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Al_l(éf‘_Pl) by Lemma Hence, the condition above can only be satisfied if a;_q is strictly
larger than 1. But this implies that aj > 1 for all a € AX.

For part note that k is by construction the lowest skill group that is upwards-
linked to [, i.e., the upward IC between k£ — 1 and k is not binding. Hence, 67 > yi —

h(yg,wi) + f:(igki) >y — h(yY,wi) because ai > 1 as shown in part (). By Lemma

we have y7 > y]OfR for all j € {k,...,l —1} because the corresponding upward IC

constraints are binding, i.e., V]U

Y541 > y5. The single-crossing condition hence ensures that, for all j € {k,...;1 —1},

Y5 — h(ys,ws) > y5y — h(y§, w;) and

> 0. As usual, incentive compatibility also requires

gq+1 = 5? + h(y?+lawj) - h(y?+1awj+1)

> yf - h(y?’wj) + h(yjo'[—i-lij) - h(y?+1’wj+1) > y;‘y-&-l - h(y?+1’wj+1) :

For part finally, assume that m is the highest skill group that is upwards-linked
with k. By the previous arguments, 05, > y5 — h(yS,wm). At the same time, 63, <
Yo — h(y%, wm) + (o — 1)/An(6%) by equation (39). Both statements can only be
consistent if oy, > 1. For all a € AX, we hence have o; > 1 for all j € {1,...,m}. O

Lemma 18. For any o € AX, if the skill groups j and j + 1 are downwards-linked and

0 <y§ — h(y§,wj), then (¢, y®) also involves 63,1 < yfq — h(yfy1,w;).

Proof. If the downward IC constraint is binding, §;41 = 6; + h(y;,w;) — h(yj, wjs1).
Hence, we have d;41 < y§ — h(y;‘, wjt1) < Y1 — h(y;ﬁrl, wj+1). The second inequality re-
sults because y; < y;11 in every incentive-compatible allocation and y}"“ < arg maxysoy—

h(y,wj41) if the skill groups j and j + 1 are downwards-linked. O

Lemma 19. For any a € AX, there exists a number k“ € (0,n] such that labor supply in

skill group j is upwards distorted at the extensive margin if and only if j € {l € J : 1 < k“}.

Proof. Fix some o € AX. Consider a skill group j for which labor supply in (¢, y®) is
not upwards distorted at the extensive margin, 6;-‘ <y - h(yjo-‘,wj). As I will show, this
ensures that optimal labor supply is not upwards distorted at the extensive margin in any
skill group h > j as well.

By Lemma j cannot be upwards-linked to other skill groups. Let [ be the highest
skill group to which j is downwards-linked. (Note that [ equals j if the downward IC
between skill groups j and j + 1 is slack.) By Lemma 0 < yp — h(yp,wy) for all
k € {j,...,l}. By Lemma we must at the same time have 05 > yi* — h(y*,w;) +
(ag — 1) JA;(67*). Hence, we must have o < 1.

Consequently, there cannot be upwards-linked skill groups above [ by Lemma For
any unlinked skill group k£ > [, ax < o7 < 1 ensures that labor supply is not upwards
distorted at the extensive margin. For any downwards-linked skill groups k£ > [ and m,

ap < 1 and 1/,? > 0 jointly ensure that 6, < yp — h(yf,wr). By Lemma the same
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conditions holds for the skill groups k& + 1 to m. Hence, labor supply is not upwards
distorted at the extensive margin in any skill group A > j. O

Lemma 20. Consider some weight o € AX such that the optimal tax problem has an

interior solution (c*,y®). Then,
(1) the consumption level ¢§ of the unemployed is strictly positive;
(i) there is a number k* € (0,n) such that optimal output is

(a) upwards distorted at the extensive margin in skill group j if and only if j < k<,

and

(b) downwards distorted or undistorted at the intensive margin in skill group j for
all j > k°;

(iii) optimal output in the highest skill group n is undistorted at the intensive margin and

downwards distorted at the extensive margin.

Proof. (i) Consider some implementable and Pareto-efficient allocation (¢, y) with ¢p <
0. In this allocation, the feasibility condition must hold with equality, so that ¢g =
> j=11iG3(9;)(yj—cj+co) < 0. Moreover, an increase in ¢o must not self-financing. 1
will show that there exists a marginal variation that is feasible, incentive-compatible

and welfare-increasing given any weight sequence « € AX.

Consider an allocation (&,y) with ¢ = ¢; — ¢ for all j € J and é& chosen to balance
the feasibility condition. In particular, consider a marginal increase in ¢ from ¢ = 0.
This leaves the IC constraints between all workers satisfied, but induces some workers
in all skill groups to leave the labor force. Taking these responses into account, we

have

| TG0 N 66
de |, Z] 117G )"‘Z; 1 [iG3(65)Z;

where the denominator is strictly positive (otherwise, an increase in ¢y would be self-

financing) and Z; = gj(((s )) (yj —cj+co) =& ((5 )) (yj — h(yj,w;) — d;). If allocation

(¢,y) is welfare-optimal, there is a unique number k € (0, n] such that Z; < 0 for all

j <kand Z; >0 for all j >k by Lemmaﬁ Moreover, g]( ) 4 (05) > Ak (6x)

G (95)
for all j < k and gﬂ(d ) < A (6g) for all 7 > k by Lemma [2, Hence, we have
G;(55)

ny )25 < Ak(dk) ng —c¢j+co) = Ar(dr)co <0,
7j=1

251 15G;(9;)

which implies that %’ > IS 56,00 The marginal welfare effect of increa-
=0 Jj=1J7
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sing ¢ follows as

n ~

dW (e, y; @) - dcy
di = — ijGj((Sj)Otj + 1-— ijGj(éj) Qg df
€ e=0 i i € le=0
7j=1 j=1
n
> — Z aJ+ZfJ i) = ag — ayr ,
j=1
where aj; = 1 is the average social weight in the population. For all o € AX,

ag > aypr. Hence, an increase in ¢ is strictly welfare-increasing, and the initial

allocation with ¢y < 0 is not welfare-maximizing.

(ii) For part (a), there exists a number k* € (0,n] with the required properties by
Lemmal[I9] Assume that k% = n, i.e., that labor supply in all skill groups is upwards
distorted at the extensive margin. The feasibility condition then requires that ¢y =
S £5G5(63) (5 — e +eB) = Sy £iG(09) (5 — hlygswy) — 67 ) < 0. This is
inconsistent with part of this Lemma. Hence, k% < n for all o € AX.

For the statement in part (b), note that labor supply in skill group j can only be
upwards distorted at the intensive margin if j — 1 and j are upwards-linked, i.e.,
l/jU_l > 0 (see Lemma . By Lemma , this can only be true if labor supply

in skill group j is upwards distorted at the extensive margin.

(iii) For all v € AX, 6% < y& — h(y%,w;) as argued in the proof to part (ii). Hence, n — 1
and n cannot be upwards-linked by Lemma [I7] If n —1 and n are downwards-linked
or unlinked, y® = yf: Labor supply in skill group n is undistorted at the intensive
margin. This moreover implies that y5 — h(yS,w,) = d*(n). Hence, 05 < 0*(wp):
labor supply in skill group is downwards distorted at the extensive margin.

O

To prove Proposition |1}, it only remains to show that the optimal tax problem has a

solution with d; € [Q, 5) for any a € AX.

Lemma 21. For all a € AX, the optimal tax problem has a maximum (c®,y®) with

5]' S [é, 5_)

Proof. Fix some o € AX. By Lemma |§|, the FOCs with respect to y; and ; are satisfied
by a unique tuple (y§', §5') if the local IC constraints between skill groups j, j —1 and j+1
are non-binding. In the following, I only consider the cases where skill group j is either
downwards-linked or upwards-linked to skill group j + 1 only. Similar proofs are available
on request for cases where some skill groups k and [ > k + 1 are downwards-linked or
upwards-linked.

First, assume that the downward IC between skill groups j and 7 + 1 is binding.
For simplicity, I henceforth write H;(y;) = h(y;,w;) —h(y;,w;t1). The FOCs with respect

26



to ¢, ¢j4+1 and y; (see Lemma can be combined to get the optimality conditions

Z1(yj,05) Bj(65,v5) + Bjx1(0j41,9j+1) =0
Z5(yj,05) = Bj+1(dj+1,Y5+1) + f;G3(0;)Cy(y;) =0,

where By(0k, yk) = [fr [Gr(0r)(ar — 1) + g1 (0k) (y& — h(yk, wr) — 9%)] and Cj(y;) = [1—
hy(y;,w;)] /H;(y;). By the binding downward IC constraint, we have 1 — hy(y;,w;) > 0,
Cj >0, Bj11 < 0 and Bj > 0 in allocation (¢*,y“). Z; and Zy are continuous in y;, 0,
and d;41. Moreover, I will show that Z; has a root in d; at which 07;/96; < 0, and that
Z has a root in y; at which 023/0y; < 0.

To start, consider function Z; for some fixed level y; < y;?‘R. Function Bj(éj,yjo»‘R)
has a unique root d;; € (4,0) for any oy € [0,x) by Lemma Function Bj.1(5;) =
Bji1(6;+ Hj(yjo»‘R), y;?‘fl) either has a unique root d;2 in (8,8) as well, or it is negative for
all §; € A. In the first case, § < §j2 < d;1 < 6. By Lemma By, is strictly decreasing in d,
at its roots for any k € J. For any y; < y?R, the root ;2 is increased, while the root 4;; is
decreased. As B;j and Bj4 are continuous, Z; must have a root in the interval (d;2, d;1).
In the second case, if 05" = d results if and only if Bj(d, yJO-‘R)+Bj+1(§+Hj (y;?‘R), yjo-f'l) < 0.

Next, consider Z, for some fixed §; € (é, 5?‘}%). At any root of Z3 in y;, we have

J

hyow < 0 and hyy, <0, C]’-(yj) < 0 for all y; < y?‘R. The root y;1 of Bji1 must again

be located left of yJOfR, the root of C;. Hence, function Z> has a root y; in the interval
(yjlay?R)

Second, assume that the upward IC constraint is binding. Recall that this only
results for ;1 and a1 > 1. Then, the optimal tuple (0;,y;11) is implicitly defined by

Z3(yj+1,65) = Bj(d5,y;) + Bj+1(dj+1,y541) =0
Z4(Yj+1,05) = Bj1(6j41,Yj+1) + fj+1Gi+1(041)Cir1(yj41) =0,

where Cj11(yj4+1) == [1 — hy(yj+1,wjt1)] /Hj(yj+1). By the binding upward IC constraint,
we have 1 — hy(y;+1,wj+1) <0, Cj11(yj4+1) <0, Bjy1 > 0 and B; < 0 in this optimum.

Again, I start by showing that Z3 has a root in d; for some fixed y;41 > y?fl.
Function B; has a unique root 6;3 € (5*((.0]-), limg; 530-‘R). For any y;41 < y;-)‘fl, function
Bj1(6;) = Bj+1(8; + H;(yj+1), yj+1) has a unique root §;4 such that §;4 + H;(y;11) is be-
low the optimal 55“_51 for ;411 < x. Both functions are strictly positive left of these roots,
and strictly negative right of these roots. As B;y1 > 0 and B; < 0 must be satisfied,
dj3 < 6j4. Hence, Z3 must have a root in §; in the interval (9,3, d54).

Finally, consider function Zy for some fixed J; > 465'. Bj41 has a unique root in y;1q
above yjc-“fl, while Cj11(yj4+1) has a unique root at yjo-‘fl. Both Bj;1 and Cj4; are strictly

decreasing at their roots. Hence, Z; has a root in y;41 with y;41 > yjo-‘fl. O
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Proof of Proposition
I prove Proposition |2 in two steps, starting with a preliminary Lemma.

Lemma 22. Consider a partially relazed version of the optimal tax problem in which all
constraint from the relaxed problem and, additionally, all local IC constraints between the
workers in skill groups 1 and k are taken into account. For any o € .AkU, optimal output

in the solution (c*F,y*F) to this partially relaxed problem is
e upwards distorted at the intensive margin in skill groups {2,...,k};
e upwards distorted at the extensive margin in skill groups {1,...,k}.

Proof. Fix some o € AY. By Lemma the relaxed problem’s solution (¢, y*t) violates
the upward IC for at least one pair of skill groups (7,7 + 1) with j € {1,...,k — 1}, where
aji1 < BP ().

For the first step, consider the intermediate problem A that takes into account the local
IC constraints between skill groups 7 and j + 1, but ignores the ICs between all other skill
pairs. I denote the solution to this problem by (¢4, y%). By Qg1 > ﬁ]U(ozj), the upward
IC is binding with UJU > 0. From Lemma we know that yﬁrl > yffl, 63-4 > (5J°-‘R and
(53-4+1 < 5;“51. For any other skill groups [, we have ylA = ylaR and 5;4 = 5l°‘R. In particular,
this is true for skill group j + 2. If j + 2 < k, (c?,y*) violates the upward IC constraint
between skill groups j + 1 and j + 2, because 5?‘52 - 5}-"51 > h(y}-"fQ, Wjg1) — h(y;»‘fZ,ij)
by construction for any o € AY.

For the second step, consider the intermediate problem A2 that takes into account the
CA2’ yA2>

to problem A2, both upward IC constraints are binding with I/JU > 0 and I/]U_H > 0.

local IC constraints between the skill groups j, j + 1 and j + 2. In the solution (

Consequently, we have yJA_EQ > yfo, yJAfl > y;?“fl, 5;‘_32 < (5]9‘52 and (534 > 5]‘*}2, while
yﬁf?) = y;‘fg and (53‘523 = 5;?‘_53. These inequalities imply that, if 7 +3 < k, (c42,y4?)
violates the upward IC between skill groups j + 2 and j + 3 for any o € Ag. The same
arguments can be repeated to show that, in the solution to problem B that takes into
account the local ICs between skill groups {j,...,k} only, all upward IC constraints are
binding and labor supply in each skill group j € {j + 1,...,k} is upwards distorted at the
intensive margin.

For the third step, note that the solution to problem B involves yJB = y;?‘R, 5JB > 5;‘R
and 5}371 = 5?‘51. Hence, this allocation violates the upward IC constraint between skill
groups j — 1 and j for any a € Ag. In problem B2 that takes into account the local
ICs between skill groups {j — 1,..., k} only, all upwards IC constraints are binding again.
Hence, we have yJB2 > y‘-"R, ij_Ql = yg‘ﬂ, (5;3_21 > 6;‘51 and 5;3_22 = 53?‘52, which ensures that
the upward IC between skill groups j — 2 and j — 1 is violated. The same arguments can

Y
skill dimension are binding and that labor supply is downwards distorted at the intensive

be repeated to show that, in allocation (co‘P ,yF ), all upward IC constraints along the

margin in each skill group j € {2,...,k}.
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Finally, Lemma [17]implies that, if skill groups 1 and k are upwards-linked, then labor

supply in all these skill groups is upwards distorted at the extensive margin. ]
Building on Lemma [22] I can now prove Proposition

Proof. Fix some a € AV such that a1 < BjU(aj) for all j € {k,...,n— 1}, i.e., that the
solution to the relaxed problem violates no upward IC except the ones between skill groups
1 and k. This also implies that a; > aj41 > 1 for all j € {1,...,k —1}. The following
proof focuses on this case. The results derived below hold for the alternative case that
(2, yo )

economize on notation, I write Hy(y;) = h(y;,wr) — h(y;, wr+1) in the following.

violates additional upward ICs among higher-skilled workers a forteriori. To

Consider an auxiliary problem A that takes into account all local IC constraints ex-
cept the ones between skill groups £ and k£ + 1. By Lemma the solution (cA,yA)
involves binding upward IC between skill groups j and j + 1 with I/JU > 0 for all j €
{1,...,k — 1}, while all other local IC constraints are non-binding with VjD = V]U =0
for all j € {k+1,...,n—1}. Recall that the relaxed problem’s solution satisfies both

neglected IC constraints for any « € .A,[CJ, ie.,
Hy (yp™) < opfy — " < Hy (uify) -

By Lemma the solution (c?,y?) involves y* > yoft, 6 < 6% and yj‘ = y?R as well
as (53-4 = 5J°-‘R for all j > k. By hyy < 0, yit > y® implies that Hy(yi') > Hg(y2®). Hence,
(¢, y) may violate the downward IC between k and k + 1, the corresponding upward IC
or none of them. If (¢4, y4) satisfies both IC constraints, we have (c®,y®) = (c¢*,y4). In
the following, I consider the remaining two cases.

First, assume that (cA, yA) violates the downward IC constraint between skill groups
k and k 4+ 1. Consider problem B that takes into account all local IC constraints except
those between k + 1 and k + 2. In its solution (c?,y?), the upward IC between k — 1
and k and the downward IC between k and k + 2 are binding with I/g_l > (0 and VkD > 0.
Hence, we have 6}? < 6,‘6‘R and (5,?“ > 6,2‘_]31. By the binding downward IC, we have
Hi(yP) = 5,§+1 — 68 > 5,3‘f1 — 608 > Hyp(y®). This ensures that yP > y2% by hy, < 0.
Note further that (i) 67 < ;' and (ii) yJB = yJO-‘R and 5;5 = 5;?‘R for all j > k+ 1. By (i),
the upward IC between k — 1 and k continues to be binding. By (ii), allocation (c?,y?)
satisfies the (neglected) upward IC between skill groups k + 1 and k + 2, and may satisfy
or violate the corresponding downward IC. Adding the IC constraints for all skill groups
above k + 1 stepwise, similar arguments as in the proof to Proposition [5| in Appendix
can be applied to show that the optimal allocation (c®,y®) satisfies the following

conditions:

(a) the upward ICs between all skill levels 1 and k are binding and yi > y;?R for all
Jje{2,... k},
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(b) y® is upwards distorted at the extensive margin in all skill groups 1 to k by Lemma

7,

(c) there is a unique skill group I € {k+1,...,n} such that the skill groups k and [ are

downwards-linked, while all skill groups between [ and n are unlinked.

Second, assume that (cA, yA) violates the upward IC constraint between skill groups
k and k + 1. Then, allocation (c?,y?) involves binding upward ICs between k& — 1 and k
as well as between k£ and k£ + 1. Hence, we have 5,’?“ < 6?51 and y,il > yg‘fl. By the
previous arguments, allocation (c?,y?”) may violate the downward IC between k + 1 and
k 4 2, the corresponding upward IC or none of both. In all three cases, skill groups 1 and
k + 1 continue to be upwards-linked in (c¢*,y®) and y§' > y;"R for all j € {2,...,k+1}
as shown above. Besides, labor supply in all skill groups j € {1,...,k+ 1} is upwards
distorted at the extensive margin in (¢®,y“) by Lemma The same arguments can be
repeated to show that there always exists a skill group [ € {k+1,...,n — 1} such that
the skill groups 1 and [ are upwards-linked and (a) either all skill groups between [ and n
are unlinked or (b) there is a skill group ¢ € {I,...,n} such that the skill groups [ and ¢
are downwards-linked, while all skill groups between ¢ and n are unlinked. Finally, note

that skill groups 1 and n cannot be upwards-linked, i.e., [ # n, by Proposition ]

Proof of Proposition

Proposition [3| provides sufficient conditions for the existence of regular combinations of W
and « such that the endogenous (average) welfare weights @ are elements of the set AY.
It is proven in Lemmas and below by example, for ¥ being equal to the identity

function, i.e., ¥(x) = z for all z € R.

n
Lemma 23. Fiz some k € {2,...,n— 1} and consider a sequence o/ (1) = (aé(r)) -

‘]:
such that aj (1) = 7 and o4 (1) = ﬁjD(Oz;-(T)) for all j € {k,...,n—1}. For any T €
(1,%), there is a unique natural number m* > k + 1 such that a;(T) < 1 if and only if
Jje {mk,...,n}.

Proof. By Lemma BJD(aj) < a; for all a; > 1 and B]D(aj) < 1 for all o;j <1 (for any
j € J_,). Hence, there exists at most one natural number m such that o/, ; > 1 and
o}, < 1. It remains to show that there is a real number z/ > 0 such that o; — BJD (o) > 1/
for all j € J and all o € [1, x). If this is true, o/ (7) < max {7 — (j — k), 1} for all j > k.
Hence, a; (1) < 1lifand only if j > k+ Tﬂ—il, which directly implies that m* < k+1 + 7;,1
and that a,, < 1 whenever n is large enough. The following proof shows that this is true
under Condition [l

With some abuse of notation, I henceforth denote by 62 (ay) the level of & in

(™R, yoT) given social weight ay. By construction, function BJD satisfies

528 (B () — 09 (x) = h (Y5, w;) — b (y9F, wjs1)
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while, for all z > 1, (5;“51( x) — (5]0-‘R(x) > 0*(wj41) — 6"(w;) by Lemma Consequently,
we have

020 () — 69F (B () > 6% (wjg1) — 6" (wj) — [h (y3F wj) — b (157 wis1)]
= yj+1 —h (y?flijﬂ) - [y?R —h (yfR, wjis1)]

aR
Yj+1
= / (1 —hy(y, wj1)] dy
yaR

J

/ R L d
- yoR 1+hy(y;-)‘fl,wjﬂ)—hy(y,wjﬂ) Y
hy(y,wj+1)

where I exploit that hy(yf‘fl,wjﬂ) = 1. Let y(w) == argmaxycr y — h(y,w), and w(y) =

(9)~1(y) the corresponding inverse function. Then, the following inequality holds

hy (Y5, wirn) = hy(y,wimn) /”j“ hyy (9(w), wjt1) dg(w) -
hy(y, wj+1) e h@wis)  dw
_ _/Wj+1 hyy (§(w), wjt1) hytd@(w)aw)dw
b(y) hy(y,wit1)  hyy(9(w),w)

_/wj+1 J(w)hyy(§(w),wj+1) whye(§(w),w) 1
w(y) hy (] w)ij+1) @)(w) yy( (w)vw)w

gl (wig
——dw="In | — ,
B(y) 1w p \W(y)

where the last line inequality follows from Condition [3] Hence, we can derive the following

Y

lower bound

YR (s
5g+1( x) — ]+1(5D( ) > /QR 1- uo 1 (Wit dy = /aR ﬁdy
v 1+mh(w@) £ ;E+m(mw)
- g(w’) In (%) dy B In (wzjl) [Z)(w/) qu]
i ()T (Y J
>

In (WJ—TI) w'
Ml—“iwm)ﬂ? In <w]> yi "

for any ' € (wj,wjq1). In particular, let w' = |/w;w;11 and recall that, by assumption,
wjs1/w; > 1+¢€ for all j € J_,, and some number € > 0. Denoting € = In (1 + ¢), we get

(:u2€)2 aR
5]4-1( T) — j+1(/8] (z)) > #714'#25% )
—_——
=H3

where pg is bound away from zero for any j € J_,,.

61



From equation , the left-hand side of the last inequality can also be written as

~1
8D (z) do 8D (z) 1 1y |- aj((S;?éR(x/))
J J + (CB ) Aj (5?}%(:0/))
By Lemma Aj((SJQR) > A, (69F) in any allocation that satisfies all downward IC con-
straints. Moreover, o’;(7) < 7 for all j > k, and 1 — a; <5]°-‘R) JA; (5§‘R) <1l/(x—1)
for any o € AX by the construction of y (see Lemma . Hence, d5;?‘R(:L°’ )/da is strictly
smaller than gy = A,[097(7)] " (x —1)/(x —7) for all j € J and 2’ € [1,7]. For all j > k

and a € [1, 7], we consequently have

/ﬂ pada’ = pug [z — BP ()] > pays™

D (2)
!

M3
@x—ﬁjp(x)>my,‘jR::u .

As argued above, this ensures that 7 — aj(7) = E{:—; [a.(T) = BP (af(7))] > (5 — k)

if /(1) > 1, and aj(7) < 1 for all j > k + 7;/1. Hence, there exists a level m*F ¢

[k +1,k+ (1 —1)/1') such that, if n > mF*, we have a; < 1 if and only if j > m*. O

Lemma 24. Define af;(¢) == min {a¥(¢),...,a}_,(()}. Let C’ondz’tz’on@ and wi—jl < ak(¢)
be satisfied for all j € {1,...,k—1} and some ¢ € (1,x). Then, there exrist a number
mk > k‘_+ 1 and two vectors (qb?);”:l, (5}“)?:1 with qbﬁl > Qf)?, <J5lfnk >12> ¢Ifnk_1 and
5;? € (é, 5) for all 5 € J such that, if

(i) n>mF and
(i) 325y f;G(85)0F > 1,

there exist reqular combinations of ¥ and ~ for which & € Ag.

Proof. Assume that U is the identity function and fix some number § € (5*(wn),5).
Recall that Bj is the fixed point of function ﬁJU, which exists if wji1/w; < agj(C) for
some ¢ € (1,x) under Conditions || and [2| Define Bjk’ = max {Bj,...,Bk-1}, Nk = pk,
75.“ = min {BAf,B]U_l(vj_l)} forall j € {2,...,k} and fyf = max{ ﬁl(yj_l),ﬁj, B
for all j € {k+1,...,n}. By construction, 7;?+1 < 7;? for all j € J_,. By Lemma
there is a number m* > k + 1 such that v < 1if and only if j € {mk, e ,n} whenever
n > m* (ie., if (i) in the Lemma above holds).

Now, consider the type-dependent weighting function 7% : Q x A — R such that

Ak for jeJ,5<<§,
J

7*(w;,0) = S G () .
Lk N SETIC T S A P )

0= e 565 (0)
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Let 5;“ be equal to the level of §; in the relaxed problem’s solution (caR,y“R) given
a; = ; for each j € J. Then, the implied average weight &, (among workers in skill
group n) equals v, < 1, and 6% < §*(w,) < 8. Moreover, the average weight of workers
in skill group j is given by a; = ’yJ’? and 5;-“ <6k < § for all j € J_p (as all downward IC
constraints are satisfied, see proof of Lemma [2)). Finally, the average social weight of the
unemployed is given by ap = |1 — >0, f;G; (5;“) fyﬂ / [1 =201 1iG <5f)]

By construction, & satisfies a1 > BJU(&]-) for all j € {1,...,k—1} and a;41 >
Bf(@j) for all j € {k,...,n —1}. Moreover, &; > &, for all j € J and &; > &;41 for all

j € {k, .. ,mk}. We also have ag > a1 = Bf if and only if
> 5Gy (o) [Br=f] > At -1 (41)
j=1

Let gb;i = (Bf — yf)/(ﬁf — 1) for all j € J. Then, condition in Lemma ensures
ap > fi.

For the final step, note that the average welfare weights @ are not an element of AY
given v because &; = aj11 = fBj = ﬁjU(B]) for at least one j € {1,...,k —1}. Consider
the weighting function 7° such that

7]8-:7;?+6k for jE{l,...,l{:},5<5,
¥ (wj,8) = V5 :max{ﬁﬁl (75.71) ’gj""’én—l} for je€{3,...,n},0 <4,

e 130 £iGi(05)s

= f ' >4
% T 1G5 (5) or jedJ,i>d,

where 65 is the level of ¢; in the relaxed problem’s solution given a; =~} for each j € J.
For each j € {1,...,k}, fix ; at some level in (0,)(—5{“) such that ¢; > €;41. By
Lemma, for any j such that 'y;.“ = 'y]]-€ 1, there is a unique number &(gj11) > 0 such
that 75, > B]U('yj) if and only if €; — €41 € (0,8(gj41)). If the difference ¢; — €541
is sufficiently small for each j € {1,...,k — 1}, the resulting average weight ay of the
unemployed agents continues to be strictly larger than ;. Hence, the implied average
weights satisfy a; > a;1 for all j € {0,...,m —1}. Consequently, & € AY results if
Vi1 < forall j € {m,...,n—1} as well. (If 4* involves 75, ; = 75 for some j > m,
then one can construct a weighting function v that is strictly decreasing over the skill

dimension and has otherwise identical properties, i.e., for which & € .Ag) ]

Proof of Lemma [7]

Proof. First, note that minimizing the deadweight loss is equivalent to maximizing

the term > %, f; fgj 9i(6) ly; — My, w;) — 0] do over ¢ and y. The Lagrangian for the
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problem of efficient redistribution is hence given by

n

n 5;
L = ij/é 95(8) [y; — hlys,w5) — 81dS + Ap | Y £;G(65)(y; —¢;) — R
j=1 72

=3
2 n
A | FGi(0))(c;—y) + Y fi[1—Gi(6)co— R
j=1 =1
+uler — h(yr,wi) — ca + h(yz,wi)]

where I have included the constraints that resources R are transferred away from the
workers in skill groups 3 and higher (Lagrange parameter \r), the same resources are
transferred towards the unemployed and the workers in skill groups 1 and 2 (Ag), and the
upward IC constraint between the workers in skill groups 1 and 2 (u). Note that the first
two constraints are binding in the solution of the efficient redistribution problem for any
R > 0. Hence, A\g and Ap are strictly positive in any solution.

First, I solve the problem ignoring the upward IC constraint, and denote the solution
by (cEE yER). The FOCs with respect to ¢; and y; for j € {1,2} are given by

!

Lo, = (1=Xp)fig;(0F™) [yF® — h(yFR w)) — 6FF]) + Xpf;G;(0F®) =0 , and
Ly =[G 1= hy(yl ", w))]

!
—hy (YR, w)) (1 = Ag) fi9;(0FF) [P ™ — h(yFR, w)) — 6FF]) — X f;G;(0F%) = 0.

The combination of both FOCs yields that labor supply in both low-skill groups is undistor-

ted at the intensive margin, hy(y]ER

,wj) = 1, which also implies yJER—h(yJER,wj) = 0% (wj).
Rearranging the first condition, we additionally get the inverse elasticity rule . From
the second-order condition, Az has to attain a value below some bound A < 1 at any
solution (the exact level of A depends on the type distribution K). Hence, (5fR > 0%(wj)

for j € {1,2} and any R > 0 such that an interior solution exists. From Lemma [2| we

know that n1(c,y) = gll((‘?l)) > ma(c,y) = % in any incentive-compatible allocation,
which implies that c’® — y&f > PR — yER - Hence, allocation (cPF,yPF) satisfies the

downward IC , and might satisfy or violate the upward IC .

Fix a number R > 0, the type distribution K and all skill levels except ws. Similar
arguments as in the proof of Lemma can be applied to show that there is some
CER7 yER)
whenever wy € (wl, a wl). First, consider the limit case we = wy. In this case, Ag € (0, 1)
and 05°F > §FF by Condition As shown in the proof of Lemma , allocation (c¥, y*)

unambiguously violates the upward IC constraint after a marginal increase in wy for any

number a® > 1 such that the upward IC constraint is violated by the allocation (
E

fixed A\p € (0,1). Because wy and all other variables enter the maximization program
continuously, wy also affects the value of the Lagrange parameter \g continuously. Hence,

Ap is bounded away from 0 and 1 after a marginal increase in ws. Thus, there is a number
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a® > 1 such that the upward IC constraint is violated for any wy € (wl, aEwl).
ER ER)
)

the upward IC constraint. Taking into account this constraint for the Lagrangian, the

Next, consider a combination of R > 0 and w2 € (w1, ws) such that (c violates

adjusted FOCs with respect to c1, co and y; are given by

Lo, = (1=2p)fig1(67) [yl — by w1) — 6] + ApfiG1(61) + p 20,
Lo, = (1=Xp)f292(09) [y5 — h(yd ,w2) — 65 ] + ApfaGa(65) — <0 ,and
Ly, = [Go(0F) [1— hy(ys ,wa)] — hy(y,wa)(1 — Ag) f292(65) [y5 — h(ys ,wa) — &5 |

— A f2G2(0F) + pihy (2, wi) 20,

Combining the two latter conditions shows that, as usual, y2E is upwards distorted if and

only if the upward IC constraint is binding with u > 0,
f2G2(6%) [hy(y5',w2) — 1] (1 = Ag) = p [hy(ya, w1) — hy(ya,w2)] > 0

Using the FOC with respect to co, we can replace p in the previous condition to get

f2G2(65) [hy(yy,w2) =1]  Ap B E\[sE . E E
Bl 1) — (o) 1= )\EfQGQ(dz ) = f292(02) [0 —wy' + hl(yy',w2)] - (42)

Combining the FOCs with respect to ¢; and ¢y and inserting y — h(y¥, wy) = 6*(w1) gives

A _ F191(6F) [6F — 6% (w1)] + f292(6%) [6F — y& + h(yL,w))]
- p FG1(6P) + [2Ga(65) '

Combining the last equation and equation (42]), we can eliminate the Lagrangian parame-
ter A¥ and rearrange terms to obtain the optimality condition , according to which
the optimal level of y’ equates the marginal deadweight losses from distortions at both

margins. O
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B Supplementary material

Appendix |B| provides additional formal results, comments and figures that complement
the arguments and theoretical results in the main text. The proofs to all formal results

are available upon request.

B.1 Optimal income taxes for other welfare weights

In the following, I define two further sets of social weight sequences, for which specific

properties of the optimal allocation can be identified unambiguously (see Propositions
[6] and [7] below).
Definition 2. The sets of weight sequences AN and AP are defined as follows:

(i) Set AP contains all sequences o € AX such that ajy1 < ﬁjD(aj) forall j € J_,, with

a strict inequality for at least one j € J_,,.

(ii) Set AN contains all sequences a € AX such that ajiq € [ﬁjp(aj),ﬁju(aj)} for all
JjeEJn.

The construction of both subsets can again be illustrated using Figure [1| in Section
As before, assume that the functions ,BJD and ﬂ]U were identical for all j € J_,. For
social weights in AP, all weight-pairs are located in region I at the lowest part of Figure
This case represents a social planner with large concerns for local redistribution between
all pairs of workers with adjacent skill types, including the workers with the lowest skill
types. A limit case is given by the Rawlsian welfare function.For social weights in A", all
weight-pairs are located in region I7 in the center of Figure[l] This case represents a social

planner with rather limited concerns for redistribution between all groups of workers.
Proposition 4. For any o € AP, optimal output y* is
e downwards distorted at the intensive margin in all skill groups j € J_,,

e downwards distorted at the extensive margin in all skill groups if aq is below some
threshold vP > 1.

By Proposition [4] optimal labor supply by all except the highest-skilled workers is
downwards distorted at the intensive margin for any social weights in the set A”. For
social weight in this set, the “central result of optimal income taxation” (Hellwig[2007) is
hence valid: The optimal marginal tax is strictly positive for all income levels below the top
income yo. At the extensive margin, labor supply in all skill groups is downwards distorted
if o1, the weight of the lowest-skilled workers, is below some threshold v”. Note that the
threshold yP is strictly higher than in the solution to the relaxed problem characterized
in Lemma |5| (where it is equal to 1). If and only if a; < 7, the optimal participation
taxes are strictly positive at all income levels as well: the optimal income tax is a Negative

Income Tax.
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Proposition 5. For any o € AN, optimal output y* is
o undistorted at the intensive margin in all skill groups;
e upwards distorted at the extensive margin in each skill group j such that a; > 1.

By Proposition |5 optimal labor supply is undistorted at the intensive margin in all
skill groups for any social weights in the set AY. This does not imply identical tax levels
for all agentsm The optimal allocation can be decentralized by a piecewise horizontal tax
schedule, however, in stark contrast to the before-mentioned “central result of optimal tax
theory”. The optimal distortions at the extensive margin in each skill group depend on
whether the social weight associated to this group is below or above the average weight of
1. If and only if a; > 1, the least-productive workers benefit from a negative participation
tax. Hence, the labor supply distortions in the solutions to the relaxed problem and the
full problem of optimal taxation are identical (see Lemma [3]).

Proposition [3| above provides conditions under which the marginal welfare weights
belong to set LAY for some regular combinations of ¥ and +, giving rise to the optimality of
an FITC with negative marginal taxes and negative participation taxes. In the following,
I clarify the conditions under which some welfare functions with standard properties give

rise to welfare weights in the sets AP and AYN.

Proposition 6. There is a number a” > 1 such that, if % <aP forall j € J_,, there
J

exist reqular combinations of U and ~ for which & € AP .
Proposition 7. There exist reqular combinations of ¥ and v for which & € AN

By Proposition [0, there exist well-behaved welfare functions for which a Negative
Income Tax is optimal whenever the relative distance between all pairs of adjacent skill
types is sufficiently small. By Proposition [7] there exist well-behaved welfare functions
for which optimal labor supply is undistorted at the intensive margin in all skill groups
whenever Conditions and [3] are satisfied.

B.2 Construction of weight sequences for simulations

Figure |3| below graphically depicts for all agents with incomes up to $100, 000 the welfare

4 and P, which are used in the numerical simulation in Section

weight sequences «
In particular, it plots the welfare weight «; associated to each skill group j € J (on the
vertical axis) against the skill-specific gross income y; in the optimal allocation (on the
horizontal axis). As can be seen, both sequences a4 and ap are monotonically decreasing.

The blue solid line shows sequence od, which is constructed by setting af = 1.05

for all j € {1,...,41}, i.e., all workers with incomes below y{; = $7,022. Note that this

"In contrast, the tax schedule will always be increasing over some income range. Additionally,
it may also be decreasing over some (low) income range.
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Figure 3: Welfare weight sequences ! and o®.

weight is above the fixed-point Bj, implying that the upward IC constraint between skill

group j and j + 1 is violated for each j < 40 (see Lemma @ For all 5 > 41, T set weight

A _ D A : A
o = max{ j—l(aj—l)’éj""’ﬁn—l}' By construction, «

AY}. The weight o' on the unemployed is set to have an average weight of 1 in the

is hence an element of set

optimal allocation. It is slightly larger than 1.09.

The green dashed line shows sequence o, which is constructed just as sequence ~*
in the proof of Lemma For this purpose, I first define the auxiliary function ﬁf =
max {ﬁ_j, e ,Bk_l}. I then construct a” by setting a{g = B{E, af’ = min {Bf, B;{l(fyj,l)}
for all j € {2,...,1_6} and 04}3 = Inax{ ﬁl(aﬁl),@j,...,ﬁn_l} for all j € {l%—i— 1,...,n}.
Threshold k is set to 53, which is the highest number in J such that the conditions in
Proposition |3| are satisfied, given (b;? equal to (af — af)/(af —1) and 5;“ equal to the level
of d; in the relaxed problem’s solution for sequence oB. Note that y = $15,016. Finally,
I again set off ~ 1.045 > o ~ 1.035 to have an average weight of 1.

B.3 Elasticity-based condition for violated IC constraints

Equation ([19) in Section [5| provides a condition under which the solution to the relaxed
problem violates the upward IC constraint between two adjacent skill groups, expressed
in terms of labor supply elasticities and welfare weights. Note first that the participation
threshold §; in skill group j in the relaxed problem’s solution is defined by equation (16)).
Inserting this equation into the upward IC constraint between skill groups j and j+1,
we get

ajy1—1 aj; —1

Aj-l—l((s]fl) Aj(éj R) J J J+1 ™% j+10 %)

= [0 = ht" w)] = [yih = hsh L w))] = Bj
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where I use that 67 = y@% — h(y2f wy) for each k € J. With ng(c®®,yoR) = A (50F),
this gives equation .
To show how B; can be rewritten in terms of elasticities, I define g(w) = y € R :

hy(y(w),w) = 1. Then, there is a unique number & € (w;,wj4+1) such that

By = [h(ysi,wp) — yifh] = [y, wp) — o5
Wi+1
= [ i) — (" )] s
wj

= [hy(9(@), w;) = hy (5™, w))] (y55h — 55") -

Using the definitions of ¢, and €, 17+, an approximation of B; is given by

R . ~
B ~ €y7w(y]94 7(")]) h (yaR w,)w — Y (8 (yaR w()yaij-i-l - wj)
~ ] 9 W 1 ) ] N
j ey (1o w;) y j yw\Y5 W)Y w;

For & s “it1=%5
2

, we get the expression in footnote The exact form of B; is given by

[ e@)e) M) [
R e do [ putieh

)
w; Ey1-1(J(w), wj) w ; w

for a unique number & € (w;, wj41).

A similar equation as can be provided for the violation of the downward IC
constraint . In particular, after inserting and 0; = y?® — h(yPf, wy), I find that
the downward IC constraint between skill groups j and j + 1 is violated if

1 — 1 aj — 1 /
< - B,
Nj+1 (Ccd:uf7 yaR) n; (CozR7 yaR) J

where B = [yf = h(y?f wiin| = [1% = h(ye®,wjia ] > 0.

B.4 Elasticity-based result for optimal phase-in range

By Proposition [3] the optimal allocation may upward distortions at the intensive margin
for skill groups 2 to k£ given well-behaved welfare functions if a set of conditions on the
primitives of the model (joint type distribution, type set, effort cost function) is satisfied.
As argued in Section [5| there exists a unique threshold group & such that these conditions
are met if and only if & < k. The location of threshold k depends on the type distribution
and the effort cost function. Unfortunately, these quantities are not directly observable.
They are related to quantities such as labor supply elasticities and skill shares that can
be estimated empirically.

In the following, I derive a necessary condition for the optimality of negative marginal
taxes in skill groups 2 to k that is expressed mainly in terms of these observable quanti-

ties. Thereby, I also provide an upper bound on threshold k that can be computed from
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empirical estimates. The derivation of this result makes use of the following condition,
which imposes a lower bound on the income elasticity with respect to the retention rate
and an upper bound on the income elasticity with respect to the skill type (complementing
Condition .

Condition 4. There are two numbers pus € (0, pu1] and pg € [pa, 00) such that, for each
y>0andw >0, ey 1-7(y,w) > pz and ey, (y, w) < pa.

Lemma 25. Let Conditz’on be satisfied. For any k € {2,...,n — 1}, there can only exist
reqular combinations (¥,T") for which & € AkU if

n

k
fn 1
jz; zk;rlf][ )} /Bk 1—1 Zf]

J

where vector (5;-“);?:1 18 given as in Proposition@ and threshold m* satisfies

Br_1 — 1
() 5 i Bl
Wk 2p3 Mk Yk

By Lemma the share of workers with upward distortions at the intensive margin
(skill groups k and lower) has to be small enough, compared with the share of highly skilled
workers in the optimal allocation. Thereby, it supports the interpretation of Proposition
provided in Section [l More precisely, Lemma [25| first compares the combined shares of
unemployed agents and workers in skill group 1 to k& on the one hand, and the share of
workers in a threshold skill group m* and higher, weighted by a factor that only depends
on the fixed-points identified in Lemma [6], on the other hand. Second, Lemma [25] provides
an upper bound on the relative distance between k and the threshold skill group m* that
depends on the intensive-margin and extensive-margin labor elasticities and one of the
fixed-points mentioned above. (It should be noted that the fixed-points Bx_; and ﬁn_l
are functions of the labor elasticities and the relative distances between adjacent skill types
themselves.) It is easy to see that these conditions can only be satisfied if skill level wy, is
smaller enough, both in terms the share of workers with skill w; and lower and in terms
of the ratio between skill w; and the average skill in the population. Put differently, there
exists a unique threshold k such that the conditions in Lemma [25] are satisfied if and only
if & < k. This threshold % is hence an upper bound on the critical value & that is implied
by Proposition

Finally, note that the threshold group m* (for each k) and the critical values & and
k can be computed explicitly if one has more exact information about the labor supply
elasticities, the skill distribution and the underlying primitives of the model. In particular,
this is done numerically for the calibrated model in Section [7} and analytically for the
example considered in Subsection below (for the limit case where the discrete skill set

converges to an interval).
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B.5 Limit result for continuous skill sets

All theoretical results have been derived under the assumption that skill set €2 is given by
some discrete set {w1, ...,wy,}, while the fixed cost set A is given by an interval [é , 5]. In
particular, the formal proofs for Lemma[6]and Propositions[2] and [3lexploit the discreteness
of 2. Besides, the results are relatively general as I have not imposed any functional forms
assumptions (except for the quasi-linearity of utility in consumption). Still, one might
ask whether the central insight of this paper — the potential optimality of an EITC with
negative marginal taxes — extends to a model with a continuous skill set as in [Jacquet
et al. (2013) and many other related papers. Under the level of generality maintained in
the analysis above, this question cannot be clarified.

In the following, however, I show the optimality of negative marginal taxes indeed
extends to a continuous skill set for an example with simple, commonly used functional

forms, however. In particular, I impose the following set of assumptions.

Condition 5. The economy has the following properties:

(i) The effort cost function is given by h(y,w) = 1+11/o (%)Hl/g with o > 0,

(ii) the skill space is given by the finite set {w1,wa, ... ,wy,} with constant relative distan-

wi .
ces ZTH =a>1 for each j € J/{n},
(iii) the fixed cost space is given by the interval [O, 5] , and

(i) for each j € J, the conditional distribution G; of fized costs is given by a uniform
distribution on [0, 5]-] , with 5j <6 foralljeJ.

The first two parts of Condition [5] have already been imposed for the calibration in
Section [7} Part (i) implies that the elasticity of output (or gross income) y with respect to
the retention rate is equal to parameter o for all workers and all admissible tax functions.
Part plays a crucial role for the following exercise, because parameter a can be seen as
a measure of how “dense” the skill set is. In particular, it allows to consider the limit case
where a converges to 1, i.e., the skill set converges to an interval. Parts and imply
that fixed cost types are uniformly distributed in each skill group, in contrast to the logistic
distributions used in Section [7] Importantly, this assumption allows me to obtain closed-
form expressions of the optimal skill-specific participation thresholds §¢%, ..., 62 and the
fixed-points ﬁj, Bj established in Lemma @ Ultimately, this simplification enables me to
derive analytical limit results. The drawback of part is that participation elasticities
are larger than 1 and identical across all skill groups (under the approximated US income
tax), which is at odds with the available empirical evidence. Besides, Condition [5| allows
to math all other empirical moments targeted in Section [7] Note also that Conditions
and [3in Section [4] are satisfied for all parameter constellations under Condition

In the following, I am interested in studying whether an EITC with negative marginal

taxes remains optimal for some well-behaved welfare function if the relative distance a
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between adjacent skill types converges to 1, i.e., the discrete skill set 2 = {w1,...,wp}
converges to the interval [w;,w,]|. Formally, I want to investigate whether there exist
regular combinations (¥,~) such that & € AV for some k € J in the limit case a — 1.
Additionally, T am interested in whether the skill range (and the corresponding income
range) with potentially optimal marginal taxes shrinks, or even disappears, in this limit
case. For this purpose, I reconsider Lemma which was established in Appendix
for an economy that satisfies Condition

Lemma 26. Let Assumption [J be satisfied and consider the limit case a — 1. For any

o >0 andwy, € (w1,wy), there can only be regular combinations of (¥,~) such that & € AY
if
k n n
Sn+v S [1 - Gj((sj’?)] <Y fah, (43)
i=1 j=m*

j=h+1

where my, is defined implicitly by y%],f = ngR.

By Lemma the optimal allocation can involve upwards distortions at the intensive
margin for a substantial set of low-skill workers even in the limit case where €2 converges
to a continuous set. To see this, consider some skill type wi € (w1, wy,). Lemma implies
that the optimal allocation can involve upwards distortions for all workers with skills in
(w1, wy] if and only if the share of high-skill workers with incomes above 2y,’§R is larger
than the combined share of unemployed agents and low-skill workers with incomes below
y,‘jR. Hence, the optimal income tax can only involve negative marginal taxes for, first,
a minority of agents and, second, for agents with earned incomes below the population
average. There is no doubt that these conditions limit the optimal phase-in range, i.e.,
subset of agents facing optimally negative marginal taxes, making more transparent the
restrictions that are already present in Proposition |3l However, the potential optimality
of negative marginal taxes clearly does not vanish or shrink to a economically irrelevant
subset of low-skill workers. Interestingly, this insight does not depend on parameter o,
which determines the level of the (intensive-margin) elasticity of income with respect to

the retention rate.

B.6 Illustration of labor supply distortions

In Subsection I formally define labor supply distortions at the intensive margin and at
the extensive margin. The following Figures[4 and [5]illustrate these definitions graphically.
In each figure, point A marks the initial bundle (¢, %) allocated to agent i. The sets of
hypothetical deviations are given by the solid lines through A and B. The indifference
curves of Agent i are given by the union of the dashed line and point Z (in figure {4)) and
the union of the dashed line and point A (in figure , respectively, corresponding to the

discontinuity in i’s utility due to the fixed cost &°.
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(yi +d, ¢+ d)

Figure 4: Labor supply distortions, example 1.

In Figure 4] ¢’s initial output is strictly positive, * > 0. In point A, the slope of the
indifference curve is below 1, the marginal rate of substitution. Hence, i’s utility could be
increased by moving slightly upwards the solid line. Alternatively, i’s utility could also be
increased by jumping downwards to point B, where output provision is zero. Hence, i’s
labor supply is both downwards distorted at the intensive margin and upwards distorted
at the extensive marginm

In Figure |5, i does not provide output initially, * = 0. Jumping upwards to point B
with positive output y*(w’) = argmax,~g {y - h(y,wi)} would increase ¢’s utility, as B
is located above the indifference curve. Hence, i’s labor supply is downwards distorted at

the extensive margin.

Figure 5: Labor supply distortions, example 2.

"6In a model without fixed costs as in, e.g., [Mirrlees (1971)), this would be impossible by con-
struction.
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B.7 Construction, decomposition and illustration of dead-

weight loss

Following the literature, I formally define the deadweight loss in an implementable allo-

cation (c,y) as

6" (wj)
DW L(c,y) ij/ i (8) [6*(w;) — 8] dé

—Zf;/ 95(0) [yj — h(y;,w;) — 0] do .

By construction, the deadweight loss measures the maximum increase in the difference
between the consumption possibilities that result from providing labor and the total cost
of providing labor that can be achieved by moving from allocation (c,y) to some other
feasible allocation. As usual, DW L(¢,y) is minimized and equal to zero if labor supply
in all skill groups is undistorted at both margins, i.e., if hy(y;,w;) =1 and 6; = §*(w;) =
maxy~oy — h(y,w;) for every j € J.

The overall deadweight loss can also be decomposed as
DW L(c,y) ng (wj) = y; + h(y;,w;)]
0% (wy)
+ZfJ/ 3(6) 15" () — 8] ds

where the first term captures the deadweight loss from distortions at the intensive margin
and the second term captures the deadweight loss from distortions at the extensive margin
(across all skill groups).

Figure [6] below illustrates the deadweight loss from distortions in skill group j and its
decomposition graphically. It depicts the quantity G;(d;) of labor of skill type w;, and
the labor supply S; and labor demand D; (measured in mass of workers) for an allocation
that involves bundle (y;,d;). D7 depicts the labor demand that would result without
distortions at the intensive margin, i.e., if each worker would provide efficient output.
In particular, the figure depicts a case where labor supply in skill group j is downwards
distorted at both margins, hy(yj,w;) < 1 and §; < y; —h(y;,w;) < 6*(w;). The red shaded
area (L;) depicts the efficiency loss due to intensive-margin distortions, the blue-shaded

area (L.) depicts the efficiency loss due to extensive-margin distortions in this skill group.

B.8 Monotonicity of social weights

In Subsection the endogenous marginal social weights are defined in equations @

and . In the following, I assume that all type-specifid weight are equal, i.e., that
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Figure 6: Illustration of deadweight loss in skill group j.

Y(w,d) =1 for all (w,d) € 2x A. Then, concavity of U ensures that ag > @; for all j € J.
For j > 1, however, the endogenous weight sequence & is only ensured to be decreasing if

additional conditions on the joint type distribution K are met.

Lemma 27. If ¥ is strictly concave and 7y is constant over 0 x A, G; dominates Gj41
in the sense of first-order stochastic dominance for all j € J_,, and Condition [1] holds,

aj > a1 for all j € J_y in all implementable allocations.

In the following, I provide a simple example to demonstrate that the concavity of ¥

per se does not guarantee decreasing social weights.

()",

e for

Example 1. Assume thatn > 2, wy = 1, wp = 3/2, § = 0, § = 10, h(y,w)
U(z) = 22, y(w,8) = 1 for all (w,0) € Qx A, g1(6) = 0.1 for all § € A, go(6)
§ €[0,1] and g2(6) = 155 for § € (1,10].

1
2

Note that function V¥ is strictly concave. Fixed costs types are uniformly distributed
in skill group 1, and piecewise uniformly distributed in skill group 2. For ¢ below (above)
0.1, G2 dominates (is dominated by) G in the sense of first-order stochastic dominance.

Consider the allocation (¢,y’) with ¢; = 0.1, (¢},v7) = (1.1,1), (ch,y5) = (9/4 +
1,9/4), 67 = 1/2 and ¢4 = 9/4. Note that this allocation satisfies both IC constraints
between workers with skill types w; and wy with strict inequalities. The social weights
in this allocation are given by ag(cy) =~ 1.581/z, a;(d],¢y) ~ .917/z and as ~ (1.265 +
44.272¢)/((1 + 71le)z), where z > 0 is again a normalizing parameter. I find that as > a;
if and only if € is below some threshold € ~ 0.0167. In this example, the social weights are
hence locally increasing if G first-order stochastically dominates G “sufficiently much”.
Loosely speaking, the workers in skill group 2 are on average worse off than the workers

in skill group 1 in this case, because they have on average much higher fixed costs.
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B.9 Validity of Conditions [1] and 2] for specific functions

The theoretical results are valid whenever the skill-specific fixed cost distributions satisfy
Conditions [1| and [2} In the following, I show that these conditions indeed hold for many
commonly used functional forms. First, Condition requires the fixed cost distribution

G to be log-concave for each j € J.
Observation 1. For any j € J, Condition is satisfied if G is given by
(a) a uniform distribution on [Qj, 5;];

(b) a logistic distribution of the functional form with location parameter ¢; € R and

scale parameter p; ¢ 0;

(c) a Pareto distribution with scale parameter (minimum value) 0; > 0 and shape para-

meter k; > 0;
d) a log-normal distribution with location parameter £; € R and scale parameter o; > 0;
J J
(e) a normal distribution with mean &; € R and standard deviation oj > 0.

Condition refers to the co-variation of distributions G; and G4 for each pair of
skill groups j and j + 1. In particular, it assumes that the cdf hazard rates can be mono-
tonically ordered for each 6 € A, A;(6) > A;j11(d). In general, this assumption is neither
stronger nor weaker than the assumption that G;11 first-order stochastically dominates
G;. Within each of the families of distribution functions considered here, however, both

properties are equivalent.

Observation 2. For any j € J, Condition[]] is satisfied and Gj41(8) > G;(6) for all
0 € A if the fized cost distribution Gj and Gjq1 are given by

(a) uniform distributions with upper endpoints 5]- > 5j+1 and lower endpoints 0; = 0;41;

(b) logistic distributions of form with location parameters 1; > 11 and scale para-

meter p; = pjt1, or scale parameters p; > pji1 and location parameters ; = ji1;

c) Pareto distributions with shape parameters 0 < k; < kjy1 and scale parameters (mi-
J J

nimum values) d;=404,41 >0;

d) log-normal distributions with location parameters £; > £;11 € R and scale parameters
9 2 &t
0j = 0j41 > 0,
e) normal distributions with expected values & > &;11 € R and standard deviations
J J+

oj =0j41>0.

Finally, Condition [2| requires the pdf hazard rate a;(d;) to be weakly decreasing in &
and weakly increasing in w, but only at a sufficiently small rate compared to the derivative
of the cdf hazard rate A;(d;).
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Observation 3. For any j € J, Condition[3 is satisfied

(a) for all 6 € A if Gj and Gjq1 are given by uniform distributions with upper endpoints

gj > 5j+1 and identical lower endpoints Qj = éj+1;

(b) for all 6 € A if G; and Gji1 are given by logistic distributions of form with
location parameters 1; > ;1 and identical scale parameters pj = pjy1, or with scale

parameters p; > pjt1 and identical location parameters 1; = jy1;

c) for all § below some threshold level z; > &; if G; and Gj41 are given by normal
J J J J+

distributions with means & > §;+1 and identical standard deviations o; = oj41 > 0.

Condition [2| is not satisfied if G; and Gj41 are given by Pareto or log-normal distri-
butions. In particular, Condition is violated: the pdfs of these distribution functions
are not log-concave for any combination of parameters. It is possible, however, to provide
a relaxed version of the condition that (a) is satisfied for these distribution functions in
many cases and (b) continues to ensure the validity of Lemma@ and all subsequent results.

The details are available upon request.

B.10 Illustration: Optimally binding upward IC constraints

By Proposition [2, optimal labor supply in all skill groups j € {2,...,k} is upwards dis-
torted at the intensive margin for every social weight in the set Ag. In particular, the
formal proof in Appendix [A] shows that the upward IC constraint between skill groups j
and j + 1 < k will always be binding in the optimal allocation. With respect to the IC
constraints between skill groups k£ and k£ + 1, there are multiple possible constellations.
In particular, the downward IC constraint between workers in both skill groups may be
binding or slack in the optimal allocation. In both cases, however, labor supply in skill
group k is upwards distorted at the intensive margin.

Figure [7] illustrates both cases in panels and for the case £k = 2. In both
panels, the filled circles mark the bundles allocated to workers with skill types w1, wg and
ws in the solution to the relaxed problem. The indifference curves corresponding to these
bundles are drawn as solid lines. As can be seen, workers with skill type wi prefer the
bundle (c§%, y$1t) to the bundle (¢{f?, y¢®), while workers with skill type w3 are indifferent
between their own bundle and the bundle designed for workers with skill type wo.

Consider an intermediate problem A that takes into account only the IC constraints
between the workers with the two lowest skill types (see proof to Proposition . The
solution to this problem is represented by the empty circles and the corresponding dashed
indifference curves for workers with skill types w; and ws. As can be seen, the utility
of workers in skill group 1 is higher than in the solution to the relaxed problem, while
the utility of workers in skill group 2 is lower. The output provided by workers in skill
group 2 is strictly upwards distorted, yf‘ > yS‘R. In the case depicted in the left panel,
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(a) The case with a slack downward IC ~ (b) The case with a binding downward IC
constraint constraint

Figure 7: Tllustration of binding upward IC constraint for o € AY

the solution to the intermediate problem A satisfies the downward IC constraint between
workers in skill groups 2 and 3. In this case, the solution to intermediate problem A
also solves the non-relaxed problem of optimal taxation. In the case depicted in the
right panel, the solution to intermediate problem A violates the downward IC constraint
between the workers in groups 2 and 3. In the solution to the non-relaxed problem (not
shown), this downward IC constraint will hence be binding. The optimal output level y§
will nevertheless be upwards distorted. More precisely, it will always be located between
the output levels y§4 and yZ (corresponding to the intersection point Z between the red
dashed indifference curve of the workers in skill group 2 and the green indifference curve
of the workers in skill group 3). Which of the two cases prevails, depends in a non-trivial
way on the joint type distribution K, the effort cost function h and the complete sequence

of social weights a.
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